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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Vector analysis
c. Central Ideas:
e [ntroduction

e Vector Arithmetic
e Scalars and vector unit

Objectives: after the end of courses the student will be able to:

e Find addition of the vector, subtraction , scalar multiplication

2. Pre test:

Q1-fill in the blanks within an appropriate word(s):

1- The vector 4B from A=(2,-7,0) to B=(1,-3,-5) iS ...cveueen..
2- The length of the vector , v=(-1 , 3, 2)is ............

Q2- Find the vector A directed from point (2,-4,1) to point(0,-2,0) in
Cartesian coordinates and find the unit vector along A

Q3-
1)  Findu + v for u = (3i + 4j), v=(-2i +)).
2) Find U — v for u=5(3i + 2j), v = (7i + 3j).



Magnitude and direction in space such as: force, speed..... etc
v= AB, 1=CD ,w= EF
A
i
v > —,
w
\ 4
_
Note

(1) The zero vector is just a point, and it is denoted by 0, and has arbitrary
direction ,which is written as 0
(2) Given the two points A = (ag, by, cy) and B = (a4, b4, c4) the vector with the
representation 4B = (a; — ag, bi—by , ¢4 — €o)
Note that the vector above is the vector that starts at A and ends at B.

The vector that starts at B and ends at A is BA = (ag_a;, by—b4,co — ¢1)
(3)AB = -B4

1- The vector from A=(2,-7,0) to B=(1,-3,-5)

2- The vector from C=(1,-3,-5) to D= (2,-7,0)
Solution

1- AB=(1-2,-3+7,-5-0) = (—1,4,-5)

2- CD=(2-1,-7+3,0+5) =(1,4,5)

coordinate system the unit vectors along the x- and y-axis are denoted by i and |,
respectively. In an xyz-coordinate system the unit vectors along the x-, y- and z-
axis are denoted by i, j and k, respectively. Thus:



1=(1,0), j=(0,1) (2- dimension)

1=(100), j=(010), k=(0,021) (3- dimension)

U =( Vi, Vy )= Vii + Vyj (2- dimension)
U =( Vi, Vy ,V3)=Vai + Voj +Vzk (3- dimension)

vector
Solution

v = (v4,V,, V3) is denoted by the symbol||v|| or |v] is.

15ll= Jvi + 03+ 2

Properties of the magnitude

&
<l
]l

I
<l

b) |1 0]|=0

c) 1% =0 )
d) || ¥|| =0 if and only if ¥ = 0
e) |7+l <[ 7] +|

f) || vl <7 [



Example :
Find the length of the vector , v=(-1 , 3, 2)

Solution

| 7| =\/V§ +v2+ 2= (-2 + (3)% + (2)2=VI+9 + 4=V14

Note

The magnitude of a vector is not in general equal to the sum of the magnitudes of
the two original vectors.

For Example

The magnitude of the vector (3, 0, 0) is 3, and the magnitude of the
vector (-2,0,0) s 2,
but the magnitude of the vector(3, 0, 0) + (-2, 0,0) is 1, not 5!

A unit vector (u,, ) for any vectorA4

Defined as a vector whose magnitude is unity and is along of A that is

Find the vector A directed from point (2,-4,1) to point(0,-2,0) in Cartesian
coordinates and find the unit vector along A
Solution

—

A = -2i+2jk
| = V(=22 + 2)2+(-1)2 =3

A -2i+2j-k _ -2. 2. 1
—_ = = —i+-j—-k
Al 3 3 3/ 73

u, =

the original but in the opposite direction



w=

e AB=-BA
] Kﬁ+]§K= 0

Vector Arithmetic

1- addition of the vector]

Given the two vectors v = (v4, 15, v3) and W = (W, Wy, W3)
The addition of the two vectors is given by the following formula
‘7 + W = (Vl + W1,V2 + W2,773 + W3)

For ¥ =a,i + a,j + agk and w= b,i + b,j + b3k be two vectors
Then ¥ + W =(a; + by)i + (a, + by)j + (a3 + b3)k

2- Subtraction of vector

Given the two vectors v = (vq, 15, v3)and u = (uq, uy, ug)

the Subtraction vector is

‘7— ﬁ = (V1 —Uuq,Vp — Uy, V3 — u3)

For v =a,i + a,j + ask and w= b,i + b,j + b3k be two vectors
Thenv — W =(a; — by)i+ (a, — by)j + (a3 — b3)k
The subtraction operation between two vectors u — v can be understood as
a vector addition between the first vector and the opposite of the second

vector:

Given the vectors v = (vq, V5, v3) and any number C scalar multiplication is
CV = (Cvyq, Cv,, Cv3)



For 1_5 =v1i + ij + 173k
Then € v=Cv,i + Cv,j + Cvsk
Scalar multiplication obeys the following rules :

. Distributive in the scalar: (k + d)v = kv + dv

. Distributive in the vector: k(v + W) = kv + kw

« Multiplying by 1 does not change a vector: v =v

. Multiplying by 0 gives the zero vector: 0v = 0

« Multiplying by —1 gives the additive inverse: (-1)v = —v

Properties Of vector algebra
If v, wand u are vectors and a and b two numbers then we have the
following properties:

a. For any vector v there is a vector (—v) such that v + () = 0

b. v+w=w+v Commutative Law
c. u+(v+w) = (U+v)+w Associative Law
d. ¥v+0=v=0+v Additive Identity
e. (a+bv=av+bv

Example

3) Find u + v for u = (3i + 4j), v=(-2i +j).
4) Find ¥ — v for u=5(3i + 2j), v = (7i + 3j).
Solution

1) uU+v=@i+4j)+(-2i+j)=B-2)i+@+1)j=1i+5=i+5j
2) 5 (3i + 2j) - (7i + 3j) = (15i + 10j) - (7i + 3j) = (15 - 7)i + (10 - 3)j = 8i + 7j

Let v =a,i + a,j + agk and w= b,i + b,j + b3k be two vectors and

1_7) =W@a1 = bland a, = bzand as = b3

where P = (2,1,5),Q = (3,5,7),
R=(1,-3,-2) and S = (2,1,0). Does PQ = RS?
Solution
PQ= Q-P=(3-2,5-1,7-5) = (1,4,2).
RS= (2-1,1-(-3),0~(-2)) = (1,4,2).

8


http://en.wikipedia.org/wiki/Zero_vector
http://en.wikipedia.org/wiki/Additive_inverse

+ PQ=RS=(142).

Door u= (-2, 1),
1) foru= (5, 3) ,
1) u=v
because u; =-2,V;=-2 = U;=Vi ang U =1, VL =1= U, =V,
DU+vV

because. uU; =5v;=3 =u; #V; U, =3, V=5, = U, # v,

(_2’ 1)

v
%= (3, 5)

Two nonzero vectors are equal if they have the same magnitude and the
same direction. Any vector with zero magnitude is equal to the zero vector.

L ]

Vectoill and VectorV Vector U and VectorvV  Vectorll and Vectory
have same direction have same magnitude have same direction
but different magnitude. but different direction. and same magnitude.

UfEV UV u=v




1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand vector analysis
c. Central Ideas:

e Dot pordect

e Properties of dot prodect

e Projection

e unit vector normal

d. Objectives: after the end of courses the student will be able to:

Find

Dot product

Angle between the vector
projection

Normal unit vector

2. Pre test: fill in the blanks within an appropriate word(s):
1-Two non zero vectors u and v are said to parallel if ............

2- Two non zero vectorsu and v are said to ............ ifuv=0

3-GivenA = 3i—2j+ kand B=mi +j — 3k
the constant (m)= ........... if the vectors A and B are orthogonal

11



Definition Let ¥ = (v1,v2,v3) and w= (w1,w2,w3) be vectors in R®.
The dot product of ¥ and w, denoted by v-w, is given by:
v-w= ViWq +VoW, +V3W3
Similarly, for vectors v = (v1,,) and w= (w.,W,) in R?, thot product
is: V-W= ViW; +VoW,
For vectors v = v, i+v; j+vsk and w= w; i+w, j+wsk in component form, the
dot product is still
v-w= ViW1 +VoW, +V3W3
Properties Of The Dot Product

. V= v.u (commutative)

g

= s(u * V) (respects scalar multiples)
+W) =u .V + U .w (distributes over vector sums)

o O
~ = ~—

N
%)
81D
X
<U

(

ol 8l &» &

D
&l
]l
I
o
&l &l

The associative law does not hold for the dot product of vectors Because for vectors
u, v, w, the dot product u-v is a scalar, and so (u-v) -w is not defined since the left
side of that dot product (the part in parentheses) is a scalar and not a vector.

Example
givenu=(2,-2),v=(5,8), w =(-4, 3) find each of the following:

Du.v

2) (u.v).w

3 u.(2v)

Solution:

1) u.v=(2,-2) .(5 ,8)=2x5+(-2)x8=10-16= -6
2) (U.D).W=-6(4,3)=(-6x4, -6x 3)
u.(2v)=2u.v)=2x-6=-12

12



Is given by

E
>

PToj,B = z

Y

The projection of A onto B proj4B is given by

.. AB
ProjgA = |2

— B
|B

Determine the projection of vector §:(2,1,-1)onto vector A =(1,0,-2)
Solution

A B=4
|4| = /(1) + (0)2+(-2)2 =5

- 4
proj,B = E(i — 2k)

13



1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Theory for vector
c. Central Ideas:

e (Direction cosines)

e Direction angle

e Cross Product

e unit vector normal

d. Objectives: after the end of courses the student will be able to:

Find
e Direction cosines, Direction angle
e Angle between the vector
e Normal unit vector

2. Pre test: fill in the blanks within an appropriate word(s):
Q1- Determine the direction cosines and direction angle for v = (2,1, —4)

Q2- Fill in the following blanks

1- f u=i-2j+kandv=3i+j-2k thenv XU ............
2- Two non zero vectorsu and v are said to ............ ifuuv=0
3- Given A = 3i — 2j + kand B = mi + j — 3k the constant (m)= ...........

if the vectors A and B are orthogonal

15



This application direction of the dot product requires that we be in three

dimensional spaces unlike all the other application we have looked at to

this point

angle a vector makes with the x axis, a is the angle a vector makes with the y
axis, and p is the angle a vector makes with the z axis. These angles are called

The formulas for the direction cosines are

cosO =”le” = v,=||v|| cosO

V2
cosa = = v,=||v|| cosa
cosB=”VT3|| = v;3=||v|| cosf3

For any vector v in Cartesian three-space, the sum of the squares of the direction

cosines is always equal to 1.
cos?0 +cos?a +cos?f =1

If ||v]| =5 and 86=70°, a=85°,8 = 20° give the component form vector v.
Solution

16



v =(||v|| cos @, ||v|| cos a, ||v]| cos B)

= (5c0s70, 5 cos85, 5 cos20)

Determine the direction cosines and direction angle for v = (2,1, —4)

Solution

Y| =vV4+1+16 =21

2
cosO —ﬁz 0 =64.123

1
coso =1 >a="77.396

cosﬁ=% = B = 150.794

Definition let u =(u4, u,, u3)and v =(v4, v,, v3)be vectors in space , the
cross product of 1 and v is the vector :
U XV = (UpVz3—u3Vy , UgVyi— V3 , UpVp — upVy)

W

r = WO W

We can now rewrite the definition for the cross product using these
determinants:

a) The top row consists of the unit vectors in order Z,jk.

17



i j K
X v = | u U Uy <—— Put “u” in Row 2.
~—— Put v’ in Row 3.
= i— | u 5 uy |j + | u s 5 |k
) ) y } ] i
Vi 2 Vs Y Va 3
T 7 u sy |, u U,
o - Tl ! Syt ! 1k
1’2 1’3 L’l 1’3 l’l ],’2

= (uwy — uv )i — (s — upv)j + (v, — uv K

Properties of the cross product:

If ¥ ,u, and w are vectors and s is a scalar, then :
1.V xu=-ux v (Anti-commutative)
2.(sV)xu=s(V xu)=v x(su)

—

3 x(U+w)= vV xu+ v xw (Distributive)

l

4.(V +U)xwW= VU xW+uxw
5V -(Uuxw)=(V xu)-w=u.(wWxv)

6.V x(UxW)#(V x(U)xWw (Notassociative)

7.7 x(UxW)=(¥ -W)u-(v -u)w (both sides of this identity are vectors)

For any vectors U = (Uy,Up,Us), U = (V1,V2,V3), W= (W1,W,,W53) in R3.

1 W2 U v, Vv v, vV V1 Dy
= = o _ 2 VU3 1 VU3
w@w)=| V1 V2 V3| =y |W2 wil U2 lwy wil* 2|W1 W2|
Wi Wz W3
The Cross Product Of i, j And kK
Ixj=k JJxk=1 kxi=]

ixi=0 ,Jx)J=0 ,kxk=0

Ixk=— ,jxi=-k ,kxj=-i
to find the cross product of any pair of basis vectors ,you travel around the
circle. Thus, to get i x j, you start at i, move to j and then on to k. If you go

around the circle clockwise, the answer is positive, if you go counter-clockwise, it
Is negative. Thus, j X k =i, and so on, while k x j =-1, etc.

18



J
K xi - N
ix i
kK x j

1«;M ixk 1

Givenu =i-2j + kand v = 3i + j — 2k, find each of the following.

—

auxv b.vxu cvxv

Solution
i j k
auxv =1 -2 1
S, 7% 1. 1 -2
“ 11 —z|"|3 —2|J+|3 1|k
=(4-1)i-(-2-3)j+(1+6)k= 3i+5j+7k
i j Ok
b.v xu=13 1 -2
L2 e o3 1
:|—2 1|"|1 1|J+|1 —z|k
= (1-4)i— (3+2)j+(-6-1)k= -3i-5j-7k
i j k
CUXV=(3 1 =2
3 1 -2
_|11 =25 13 -21.,]3 1
‘|1 —2|' |3 —2|J+|1 1|k
= (-2 +2) i - (-6+6)j+(3-3)k= 0i-0j-0k = 0
Example:
Given the vectors v = i — 2j+ 4k and W = 3i + j— 2k find vxw
Solution
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i j K
Uxw =[]1 -2 4
3 1 -2
= i(d—4) - j(-2 -12) + k(1+ 6) = 14j + 7K
i j K
WX =3 1 —2|==id—4)-j(12 +2) + k(-6-1) = -14j - Tk
1 -2 4
.Example:

Given the vectors ¥ = j+ 6kand w =i+ find vxw

Solution
i j k
vxw =[0 1 6|=i(1.0 —6) - j(0 -6) + k(0- 1) = -6i+6j -k
1 1 0
Example:

Since u-v = 6 and u-w= 7, then

ux(vxw) = (U-w) v—(u-v) w
=7(2,2,0-6(1,3,0) = (14,14,0)—(6,18,0)
= (8,—4,0)

Angle between Vectors

Let wand ¥ be from R? or R® and let 0 be the angle between them. Then

cos(B)z%: 0 =cos (=)

u
I [ul.|v|

(R R AL R
= @ =sin (22
lul|v| [v||ul

|Px |

sin @ =

20



(positive o0<0< g
Li Bis! 0 6="
\negative g <O<m
Example

What is the angle in degrees between uw’ =(1,1,1) andv =(2 ,1,0),
Solution

U. =12 +1.1+1.0=3

|u|=\]u§+u§+u§=\/12+12+12=\/§

lv|= Jv1+v2+v3 V22412 +02=+5

. uv 3 _ 3 _ -1i_ .A~0
COS(B)_IuI.IvI ﬁ@‘m:B'COS («/1_5)'39'23

Find the angle between u. = 2i+3j+k & V= -i+5j+k.

Solution:

W U=2.(-1)+3.5+1.1 =-2+15+1 =14
| |I= V14| 9||= V27

_ _ 14 V14
cos (8) = |||v| T V1427 343

~ 0 =cos™ (%) =43.93° ~44°

Example
Givenu =2i—3j+5kand ¥ =5i+ 3j — 7k, compute the angle between u and v

Solution
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——
uv

[ul.|v|

c0osO =

—

U.V=2x5+(-3)x 3 +5x(-7)=-34

|ul =\]u§ +uj + uj=v22 + —32 + 52=+/38

|v|=\/v§ +v5 +v5=v52+32+-72=483

cos (8) = v . -34 _ -34
" lullv]  V38V83 V3154

B

Example:
Find the normal unit vector perpendicular on A and B for

A=2i+3j—kand B=—j+2k

Solution
_, AxB
N=——
|AXB |
o |t 7 kK
AXxB =2 3 -—1|=5i-4j-2k
0 -1 2

|AxB| = /(5)2 + (—4)2+(-2)2 = V45

5 4

— .
n=-—I1i-—

2
Va5 vas' Vas

k



Parallel VVectors

+ Two nonzero vectors ¥ and u are parallel if there is some scalar ¢ such that
Uu=cv
Or

+ Two non-zero vectors ¥ and ware parallel & vxu = 0.

Which of the following vectors is parallel tow = (- 6, 8, 2)?
a.u=3,-4,-1)
b. v =(12,-16, 4)

Solution

—

a. Because u = (3 ,—4,—1):%(—6, 8,2) :—%w, you can
conclude that u is parallel to w.

OR
i j Kk
wxu=|—-6 8 2 |=(8x-1-2x-4,2x3--6x-1, -6x-4-8x3)=(0, 0, 0)
3 -4 -1

b. In this case, you want to find a scalar c such that

(12,-16,4) =c(-6, 8, 2) .

12=-6->c=-2

-16=8-c=-2

4=2-c=2

Because there is no ¢ for which the equation has a solution ,the vectors are
not parallel.

Orthogonal Vector

+ Two non-zero vectors v and w’are orthogonal ® u.v=0

Show that vectors v’=(1, -1, 0) and w=(2,2 ,4) are orthogonal,

23



Solution

v W =1*2+-1*2+0*4=0

Determine whether the given vectors are orthogonal, parallel or
neither:
(1) u=(-2,6,-4) v=(4,12,38).
(2) u=i-j+2k , v =2i-j+k.
(3) u=(a,b,c) ,v=(-b,a,0)
Solution
(1) u=(-2,6,-4) ,v=(4,-12, 8).
Because v = (4,-12,8) =-2 (-2, 6 ,-4)= 2 u, you can conclude that v is

parallel to u

(2) conclude that u is parallel to v
U.V=2+1+2=5,
i j k
uxv=(1 -1 2|=(-1x1-2x-1, 1x1-2x2 , 1x-1--1x2)=(1,3,1)
2 -1 1

the vectors are neither orthogonal nor parallel.
(3) u=(a,b,c) ,v=(-b,,0).
u.v=-ab+ab+0=0, so the vectors are orthogonal.
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Theory for vector
c. Central Ideas:

e Parametric Equations

e Vector Equation

d. Objectives: after the end of courses the student will be able to:

Find
e Vector Equation
e Parametric Equations

Pre test
Q1- Find the parametric equation of the line passing through po(1,3,2)
parallel to 2i—j+3k

26



3
;G’arametric Equations )
e — s —— s ——
The parametric equations of a lineL in 3-space for a line passing through

Po (X0,Y0,Zo) and parallel to v = ai + bj + ck:
ISX=Xpo+at, y=ypo+bt, z=2z5+ct

To determine parametric equations of a line, we need
* a point on the line

* a vector parallel to the line

Z A

Py(xq, Yo, 2o)

Where 7y = (xo, Yo, Zo) iS @ vector whose components are made of
the point (xo, yo, o) On the line L and

v =(a, b, c)are components of a vector that is parallel to

the line L

Example:
Find the parametric equation of the line passing through po(1,3,2)

27



The parametric equation is

x=1+2t
y=3-t
z=2+3t
Example:
Find a vector equation and parametric equations for the line that
passes through the point (5, 1, 3) and is parallel to the vector
V=i+4j-2k.
Here Ty = (5, 1, 3) = 5i + j + 3k and V=i + 4j — 2Kk, so the vector
T=7g+tv

becomes
T = (5i +j + 3K) + t(i + 4j — 2K)
F=G+t)i+1+4t)j+3-20k

Parametric equations are
X=5+1 ,y=1+4t ,z=3-2t

28



1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Theory for vector
c. Central Ideas:
o Symmetric the Equations
e Plane of Equation
¢ lines either intersect or are parallel
d. Objectives: after the end of courses the student will be able to:
1- Find the relation between parametric equations form equations and
symmetricthe Equations
2- Find the symmetric equation for line
3- find the equation of a plane

4- Show that the lines either intersect or are parallel
Pre test

Q1:Find the equation of the plane with normal n = (1, 2, 7) which
contains the point Py (5, 3, 4)
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Consider the parametric form equations for a line:
L:x=Xp+at ,y=y,+bt ,z=z+ct.
If a, b and c are all nonzero, we can solve each equation for t to get :

X—Xg

=t

a

Y—Yo =t

zZ—Zg

=t

line L, If we set:
X—X0 — Y—Yo — zZ—2Zp =t

a b c
If one or more of a, b and c is zero, we can still obtain symmetric

equations. For example, if a = 0, the symmetric equations are

X =Xg , =—2=t

Example:

Find the symmetric equation for line through point (1,-5,6) and is parallel to
vector (-1,2,-3)

Solution

Perpendicular (orthogonal) to the plane ( The vector 1 is called normal
Vector) is ax + by + cz = D;where D = ax, + by, + cz,

+ To find the equation of a plane inR3, we need to know:
1. A point on the plane Py(Xo, Yo, Zo).

2. A normal (perpendicular) vector to the plane.
Example:

Find the equation of plane through point (1,-1,1) and with normal
vector i+j-k
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Solution

Given pointis (1,-1,1)
Here a=1,b=1,c=-1

We know that equation of plane is given by-:

ax + by + cz = D;where D = axy + by, + cz,
x+y—-z=1

Example: .

Find the equation of the plane with normal 7 = (1, 2, 7) which
contains the point Py (5, 3, 4)
Solution

The equation of plane is
X+2y+7z2=39

Example:

Determine the equation of the plane that contains the points
P1 =(11 -210)1P2 :(3111 4) 1P3 =(01 -11 2)

In order to write the equation of plane we need a point and a normal
vector , We need to find a normal vector.

Step 1

First convert the three points into two vectors by subtracting one
point from the other two

PP, =(3-1, 1-(-2), 4-0)=(2, 3, 4)
P.P;=(0-1, -1—(-2) ,2-0)=(-1,1,2)

Step 2

Find the cross product of the vectors found in Step 1. we know that the
cross product of two vectors will be orthogonal to both of these
vectors. Since both of these are in the plane any vector that is orthogonal to
both of these will also be orthogonal to the plane. Therefore, we can use the

cross product as the normal vector.

i j Kk
n=PP,xPP; =2 3 4|=2i-8j+5k
-1 1 2

Step 3
32



The coefficients a, b, and c of the planar equation are (2 -8 5), then
We can used any of the three points to find The equation of the plane >
2X — 2 -8y -16 +5z =0

2x -8y +5z =18

Example:

Find an equation of the plane which contains the points

P:(-1,0,1), P> (1,-2,1) and P3 (2, 0, -1).

Solution

i j k
=2 -2 0
3 0 -2

=4i +4j + 6k

n=(4,4,6)
4X + 4 +4y +62-6 =0
4Xx +4y +6z =2
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In two dimensions, two lines either intersect or are parallel; in three dimensions,
lines that do not intersect might not be parallel.
Two lines that are not parallel and do not intersect are called skew lines.

Example:
Show that the lines

Li:x=t,-1,y=t,+5,z=1
L2:X:t2—3,y:—t2+l,Z:t2+2
Intersect , and find the point of intersection .

Solution;
If they intersect, we can find a value of t; and t, that satisfy the equations
Xo=t1—1=t2—3 ------------------------- (1)
Yo=t +5=—t) + 1----m-mmmm - (2)
Zo = 1= t2 F 2 (3)

from equation (3)
1=L+2=t,=-1

From equation (1) or (2)
t,-1=t,-3
ty—1=-1-3 =t; = -4+1=-3
Then check whether the three sets of equations are satisfied by (t, t;)
Xo=t;—1=t,-3 =-3-1=-1-3 = -4=-4
Vo=t +5=-1,+1=-3+5=-(-D)+1=2=2
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Zo=1=t,+2 = 1=-1+2 =1=1
The point of intersection (xo, Yo, 20) = (—4,2,1)

Example:

Let L, and L, be lines with parametric equations

L, :x=1+2t; ;y=3+2t4 ;z=2-14

L, :x=2+1 ' Yy=6-1, 12=-2+3t

Determine whether the lines are parallel, skew, or intersecting. If
they intersect, find the point of intersection

Solution:

The direction vectors are ¥; = (2; 2;-1) and v, = (1;-1; 3)
1_7)1 * C1_7)2
So these vectors are not parallel . Do they intersect
If there is an intersection point (Xo; Yo; Zo), We will find it by solving
the system of three equations in parameters t; and t,:

Xo= 1+ 2t = 2 + ) =---mmmmmmmmmmooeee 1)
YVo=3+21t;=6-1) - (2)
Zo=2-t,=-2+31t) ------mmmmmm—- (3)
solve the first two equation for t; , t, .
1+2t1=2+t2 --------------------- (1)
3+2t1=6't2 --------------------- (2)

Subtract equation (2) from equation (1) we get

-2 = -4+42t, = 2t, = -2+4

t =1

We can find t; by substituting this value of t, in either the first or second
equation

1+2t1:2+t2 :>1+2t1=2+1

2t1 =2 = t, = 1

Then check whether the three sets of equations are satisfied by (t,, t;)
Xo=1+2t;=2+t,= 1+ 2=2+1 = 3=3
y0=3+2t1=6-t2=>3+2=6-1$5=5

p=2-1=-2+3t,= 2-1=-243 =1=1
The point of intersection (xo, Yo, 20) = (3,5, 1)
Example:

Determine whether the lines
L, :x=1+2t; ;y=3t Z2=2-14
L, :x=-1+t, ;y=4+t, ;z=1+3t,
parallel, skew or intersecting.
Solution

The direction vectors are ¥, = (2, 3,-1) and v, = (1, 1, 3)
1_7)1 * CT_}Z
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So these vectors are not parallel . Do they intersect
If there is an intersection point (Xo; Yo; Zo), We will find it by solving the system
of three equations in parameters t; and t,

Xo=1+2t; =-1+1, ------mmmmmmmmmmmme- (1)
Yo = 3t1= 4 + I, eeemmcmcccccmmcceeeee. (2)
Zo=2-t1=1+3t) - (3)

Let us solve the first two equations.

1+2t1 =-1+t2 ----------------------- (1)
3t =4+t - (2
subtract equation (2) from equation (1) we get
1-t1:-5=> t1:6

we can find t, by substituting this value of t; in either the first or second
equation

3t1 =4+ [
3(6) =4+t, = t,=18-4=14

Then check whether the three sets of equations are satisfied by (t,, t;)
Xo=1+2t; =-1+t, =>1+2(6) =-1+14=13=13
Vo=3t1=4+1, = 3(6)=4+14 = 18=18
ZO=2't1=1+3t2 =4 2'6=1+3(14) = -4 =43

The solution does not satisfy the third equation. So these lines do not
intersect, therefore, they are sk

Ministry of higher Education and Scientific Research
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Theory for vector
c. Central Ideas:
e distance D from point to the plane
e distance D from point to the line
e distance D between two line
d. Objectives: after the end of courses the student will be able to:

1- Find the distance D from point to the plane
2- Find the distance d from the point P to the line
3- Find Distance between two lines

Pre test
Q1: Find the distance from the point p (1,1,1) to the line = x;s = y;I = Z_+24
Q2: Find the distance from the point p(1,1,5) to the line x — 1 = y_—_f = g
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e ———

—

Let L be a line and let P be a point not on L. The distance d from P to L is the
length of the line segment from P to L which is perpendicular to L ,Pick a point
Poon L, and let w be the vector from P, to P. If 0 is the angle between w and v,
then

d=|w]sin 6.

v xw|= |v| [W|sin @

. UXW UXW
- [Wlsing =21y g = XVl
v v

r P

W id

2 L
] T
Example:

Find the distance d from the point P = (1,1,1) to the line

L:x==3+7t,y=1+3t, z= —-4-2t
Solution

The distanced from P to L :
|[UXW |
d=——
|V

UV=(7,3,72)

W=PoP=(1-(-3),1-1 ,1-(-4))=(4,0.5)

i j K
UXWw=|7 3 -—2|=15i-43j-12k
4 0 5

|v X w| =V152 + —432 + —122 =+/2218

V| =V72 +32 + —22=v49+ 9 + 4 =62

L _|[vxw| _ v2218 _
~d= B - ez =5.98
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Find the distance d from the point P = (1, 4, -3 ) to the line
L : x=2+t, y=-1-t, z=3t

Solution
The distance d fromP to L :
|[vxw |
d=—7—
v
v=(1,1, 3)
W= PoP=(1-2, 4-(-1), -3-0)=(-15,-3)
i j K
vxw=|1 -1 3|=-12i-6j+6k
-1 5 -3

|9 x W| =/(—12)2 + —62 + 62 =216

P|=vV12+ -12+32=/1+1+9 =+/11

;

. d_|17x_“7|

216 _ 443
11

ﬁ‘

7

Nictance hehween hwn lineg

Let P, beapointand v; be adirection vector for a line L; and
let P, be point and v, be a direction vector for a line L, .

The distance between two parallel line
Ifv; xv, =00R vV, =cv, = L.l L,
— [v{XPP, |
[v1 |

The distance between two intersection line

|fv_1)xv_2)¢O&P1P2 (v—]_)xv_z)):O:}Lj_n L2
d=0
The distance between two skew line
If vy xv, # 0 & P,P,. (V] x V;) # 0= the two lines are skew
4= PP Gix) |

[v1x 2]

Example:
Find the distance d between the two lines:

1. g i x=1+2t, y=2+t, z=-3+3t
L, : x=2+10t, y=-2+5t, z=3+15t
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2. Ly x=1+42t, y=2+2t, z=-3+3t
L, : x=2+t, y=-2-, z=3+T7t

3. Lp:x=1+t, y=1-2t, z=8+t
L, : x=3t, y=2+5t, z=8-8t

Solution
1. L1 : x=1+2t, y=2+t, z=-3+3t
L2 : x=2+10t, y=-2+5t, z=3+15t
The direction vectorsare v, =(2 ,1 ,3)and v, = (10, 5 ,15)
1—7’1 = 51—7’2
So these vectors are parallel

_ [v1xP1P; |

d=
w1
P,P,=(2-1,-2-2, 3-(-3))=(1 ,-4, 6)

i j Kk
vy xPP,=(2 1 3|=18i-9j-9k
1 —4 6

|v; X PyP, = | =182 + —9%2 + —92 = 9+/6

[v7]= V22 + 12 + 32 =/14

:ﬁ:

d Vi

59

2. Ly i x=142t, y=2+2t, z=-3+3t

L, : x=2+t, y=-2-, z=3+T7t

The direction vectorsare v; = (2,2, 3)andv,=(1,-1, 7)
Uy # CVy

So these vectors are not parallel

P,P,=(2-1, -2-2,3-(-3))=(1, -4, 6)

i j Kk
vixv;= 2 2 3|=17i-11j-4k
1 -1 7

P.P,. (U3 x V) = 1x 17 +(-4 x 11) +6 x (-4) = 17-44-24 =37 # 0

v, XV, #0& P, P,. (V] x ;) # 0= the two lines are skew
d = |[P1P2.(v1 X V2) |

[v1 x|
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v x| =V172 + —112 + —42 =/426

Lo 13701 _ 37 _
..d——m——m 1.79

3.  Li:x=1+t, y=1-2t, z=8+t
L, : x=3t, y=2+5t, z=8-8t
The direction vectorsare v, =(1,-2, 1)and v, =(3, 5 ,-8)
U, # CV,
So these vectors are not parallel

P,P,=(0-1 ,2-1 ,8-8)=(-1, 1, 0)

i j k
ViXVU,= (1 =2 1(=11i + 11j +11k
3 5 -8

P.P,. (V] xV;)=-1x11+1 x11+0 x 11=0
V—>IXW¢O&P1P2(V_1)XV_Z))=O:L10 L2
~d=0

————
“ Distance between Point and Plane
—

The distance D between a point py, = (xg,¥0,29) and the plane;ax +
by+cz+d=0is

D__Iax1+by1+cZ1+d|

Ja?+b?+c?

Example:
Find the distance D from point (2,4,-5) to the plane

5x-3y+ z-10=0

Solution
D__lax1+by1+c21+d|_
Ja?+b?+c?
_ |5x—3y+2z-10] _|5(2)-3(4) +(-5)-10] |-17| 17 g7
- J524-32412 V35 V35 V35
Example:

Find the distance D from point(1, 6 , -1)to the plane
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2X+y-22-19=0
Solution

D= la x1+byq1+cZq+d|

va2+b?+c?
_|2x+y-2z-19| _|Z(1)+6—Z(—1)—19|_|—9|_9_3
V22412422 Vo V9 3
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1. Overview

a. Target Population: For students of second stage in college electrical

engineering technical college in middle technical university.
b. Rationale: we will understand Partial Derivatives
c. Central ldeas:

o Partial Derivatives first and second order

e Plane of Equation

¢ lines either intersect or are parallel

d. Objectives: after the end of courses the student will be able to:

1-Find Partial Derivatives first and second order

2- Find formula for Del operation

Pre test
Q1: Compute grad F and div F for F = 4x — y?e3**

Partial Derivatives

a partial derivative of a function of several variables is its derivative with
respect to one of those variables, with the others held constant (as opposed to the
total derivative, in which all variables are allowed to vary). The partial derivative

Is denoted by:
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. L . )
The partial derivative of fwith respect to L

dx

. . . of

The partial derivative of / with respect to Y3y

. L . af

The partial derivative of fwith respect to Z—
Example:

. 9f Of . of . o 3
Find F a_yﬂﬂdg-lf flx,y)=x"+3xy+y—2z7?
Sol.
af
a=2x+3y+0—0=2x+3y
L =0+3x+1-0=3x+1
A or0+0-1- -1
dz

Example: Find % if f(x,y) =ysinxy?

Sol.
df  d(sinxy) i a(y)
5y y 3 sin xy 3y

= Xy COS XYy + sinxy

46



Second-Order Partial Derivatives

When we differentiate a function f(x, y) twice, we produce its second-order
derivatives. These dertvatives are usually denoted by:

a2 : L .

% The second-order partial derivative of / with respect to x.
a%f . o .

372 The second-order partial derivative of f with respect to y.
azf . o o

Py The second-order partial derivative of / with respect to .
Example:

If £ (x,y) = x2y® + xy? — 22, find &L 2L 27 4

ax2 " ay? ' 9z2

Sol.

a*f 0 a(x2y® + xy? — z%) CI2xy*+y?) .

ox2  0Ox dx N dx -

*f 9 (9(x2y®+xy?—z%)\ 9(3x%y?+2

_f:_ (x*y° +xy ) = (3x%y xy)=6x2y+2x
dy? dy dy dy

a’f a 3(x2y3 + xy? — Zz) _0(-2z) B

dz2 9z dz - 9z
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Formulas for Del Operation

The vector differential operator V called "del" | is defined as:

3 d_. 9 _ 0 :
=T ﬁy] T 5z
If a scalar function f(x,y,z) and vector A = A, T+ A, J + A; k have partial
derivatives, we can define the following:

1.Gradient Field

The gradient of the function ffx,y,z)1s define by:

grad f =Vf = %?+ g—{j + Z—’;ﬁ Vector field.

2. Divergence Field
The divergence (flux density) of A is define by:

. 7= 7 0A dA 24
divA=V-A="2+2 42
dx ay dz

Scalar field.

3.Curl Field

The curl of the vector A is define by:

= (ai - aAz)i - (8A3 - aAl)f + (a;? - 8;; ) k  Vector field.

4.Laplacian Field

Scalar field. V- (ﬁ f) =7f = jz n :33';,:; + s’;,z
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Example:
Find the gradient field of the following functions:
a) f(x,y,2) =xy+x%2—2z b) @(x,y,z) = 2x + 3y? +sinz
Sol.
a) f(x,y,2)=xy+x?—-2z

ad d
Vf(xyz) = f?+a—£j'+a—fk

= (y+20)70+ (x)]— 2k

b) @(x,y,z) =2x + 3y? +sinz

207,205, 20
?Q(x V,Z) 1+ yj+azk

= 27+ (6y)j + (cos 2)k

49



Example:

Find the divergence field of the following vectors:

a) R = (4x2)i + (3x) j + (5y2)k b) 4= (e*)+ (nxy)j+ (e¥H)k
Sol.

a) R = (4x2) + (3x) ] + (5y2)k

- Ox dy dz

=4z+0+5y =4z+5y

b) A = (e)i+ (Inxy) ]+ (eV9)k

V-4A= % aaif %3
=e' + * +xyeV?r =e*+ 1 + xy e*V#
X Yy
Example
Find the Cuil field of the following vectors:
a) A= (% — )T+ (42) ]+ (Dk b) B = (3x2)T + (22) ] + (sinx)k
Sol.

a) A= (x2—y)+ (42)j+ (x2)k

7 ik
ixi=| 2 2 2
dx dy 0z
(x?=y) 4z x?
_ (%) 0(4z)\, [(0(x*) d(x*-y) -4 (2649 a(x? —y) 7
—\ ay 2z )" dx dz J dx dy '

=(0—-4)i— (2x—0)J]+ (0+ Dk

= —47—(2x)j+k
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b) B = (3x2)7 + (22) 7 + (sinx)k

T 7k
6) X § = i i i
dx dy dz
3x? 2z sinx
_[(0(sinx) 0(2z)\, (d(sinx) 9(3x?) . 2(2z) a(3x?%) 7
B dy 9z )' dx oz )’ dx dy '
= (0 —2)T— (cosx — 0)] + (0 — 0)k
= —27—(cosx)J
Example:

Find the laplacian field of the function f(x,y,z) = 2x?y —x z3?
Sol.

_62f+62f 0% f
T 9x?2 0y? 02z2

d (6(2x2y—x23))+ d (G(szy—ng))+ d (B(Zny—ng))

Vif

= ox dx @ ady 0z 0z

_ 0(4xy — 2°) N d(2x?) N 9(—3xz?)
B dx dy 0z

=(4y)+ 0+ (—6xz) =4y —6xz
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

c. Central Ideas:
e polar coordinate system
e draw the point in polarcoordinate

e convert the polar coordinate in cartisan or from cartisan in polar
coordinate

d. Objectives: after the end of courses the student will be able to:

1- convert the point in polar or in cartisan coordinate
2- draw the point in polar coordinate

Pre test
Q1: Find the Cartesian coordinates of the point with the following polar

coordinates: (6, g)

Q2: Find the polar coordinates of the point with the following Cartesian
coordinates: (2,2)

Q3 : draw the point (4 ,ZE)
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Polar Coordinate

point P on a plane is determined by a distance r from a fixed point O that is called
the pole (or origin) and an angle 6 (in degrees or radians)from a fixed direction.

The point P is represented by the ordered pair (r,0) and (r, 6 )are called polar
coordinates.

The polar coordinate pair (r, 0) species a point in 2D space as follows:

1. Start at the origin, facing in the direction of the polar axis, and rotate by angle 0.
Positive values of 0 are usually interpreted to mean counterclockwise rotation ,with
negative values indicating clockwise rotation.

2. Now move forward from the origin a distance of r units.

I .I Polar Axis

3
120° &o° 8 =u/3
Sm/6 160¢ 50° /6 o=1/6
o « 0 2n
180 '] 0 4—0
- °
71/6 210 110/6
: 4 ke 8=117/6
240° 300° o= K
4/3 27a° 5n/3
5o 8 ="tx/3 9 =57/3

#=3r/2

In rectangular coordinate system, each point has unique coordinates but in polar
coordinate system a point has infinitely many coordinates.
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For example, if we wished to plot the point P with polar coordinates (4 5?"

we'd start at the pole ,move out along the polar axis 4 units, then rotate 5?” radians

counter-clockwise.
P4 %)
o=13x
r=4
Pole Pole
If r <0, we begin by moving in the opposite direction on the polar axis from the pole.

For example,to plot Q( -3.5, = ) we have
4

Pole |

r=—-35

Pole I

Q(75:5l;%)

If we interpret the angle first, we rotate % radians, then move back through the pole
3.5 units.

Here we are locating a point 3.5 units away from the pole on the terminal side of %’T :

not = .
4

As you may have guessed, < 0 means the rotation away from the polar axis is
clockwise instead of counter-clockwise. Hence, to plot R ( 3.5,_4ﬁ ) we have the
following.
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+ O = (0,0) for alld (This is so because for any 0 the point that is distance 0O
away from the origin along the line L is the origin).

% (83
02
/M
l " \ T x-axis
(0.6)
(0.8)
(0,6,
(0.6
+ (r, 0) = (r, 6 + 2km) for all integers k.
A p oY P
0 | 0+ 2m
\ g ‘/ - . \] .
T ‘.\\ _// xr
+ (-r,0) =(r, 6 +m).
(r, 8}
#+ ?T.f/- . fﬁ
/IV (&) - e
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k! e 1 & I
N o AT o (3. 0)

\ (2. —7)
(3.5F)%_ !

(a) (b) (<) (d)

Converting from Polar Coordinates to Cartesian Coordinates

If P is a point with polar coordinates (r, 8 ) the Cartesian coordinates
(x,y)of Pisgiven by:

X = rcost y = rsinf

If r=0, then, regardless of 6 , the a point P with Cartesian coordinates are (0,0)
Example

Find the Cartesian coordinates of the points with the following polar
coordinates:

(8)(6,=) (b) (-4,-2)
Solution:
(a)
x=rcos€=6005(6£)= 6\/; =33

y=rsin @ =6sin (g): 6%:3
The rectangular (Cartesian) coordinates of the point (6, g) are (33, 3)

(b)

x=rcose=—4cos(—§)= —4% =-22
y=rsine=-4sin(-43): 4(-)=22

The rectangular (Cartesian) coordinates of the point (-4, -45) are (2v2,2+2)
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»’\x
4

Convert from Cartesian Coordinates to Polar Coordinates
If P is a point with Cartesian coordinates ( x , y) the polar coordinates (r, 8 ) of P is

given by:
rF=x?+y?=r=/x2+y2
tan 0 % = 0=tan (%)

r=.x2%+y? 6 =tan” (%)

Polar Translating Cartesian
60° / Yy = rsind \

r=rcosd

180% - — ———

210° .

Steps for Converting from Rectangular to Polar Coordinates

STEP 1: Always plot the point (x, y) first

STEP 2: If x = 0 or y = 0, use your illustration to find (r, 8).

Step 3: If x #0and y # 0,thenr = Vx> + y

STEP 4: To find 6, first determine the quadrant that the point lies in.

Quadrant I: 6 = tan_li Quadrant II: # = 7 + tan_l%

Quadrant [II: # = 7 + tan’! Quadrant IV: 8 = tan™!

==
= =
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Example
Find the polar coordinates of the points with the following Cartesian

coordinates:
a) (2,2) b)(-1,1) ¢ (1-1)  d)(-2,-2V3)
Solution:
a) (x.y)=(2,2)
r=| 1y
r=V2Z+22=2V2
tan () = %
0=tan" () :§
x>0,y >0 = the first quadrant

2(r,0)=(@VZ ,7)

b) (x,y)=(-1,1)
r=vV—12 +12=+2
tan () = %

—tant(Ly=.-Z
0 =tan (_1)— ”

w
= X<0,y >0= thesecond quadrant, <O0<sTm

w 3
= 0=mT-— =—
4 4

.-.(r,e):(x/i,%”)

c) (x.y) =(1,-1)
r=,x%+y?
r=vViz+-12=+2
tan (0) = %

— 1,1, _ T
0 = tan (_—1)—-4 _
© x>0 = the fourth quadrant ,9:—1

T 7t
“(r,8)=(Z-5)=(2 )

d) (x.y) = (-2,-2V3)
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er—ZZ +(-2V3)2 =\/4+12 = 4

tan(e)=¥\2/§
0 =tan" (V3)= g

. (4 4
+ X<0,y < 0= the third quadrant 0 = (n+§ )= —

3
.-.(r,6)=(4,4?n)
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Partial Derivatives

c. Central Ideas:

e Test Polar Equations for Symmetry
e Graph of a polar equation

e Steps for Sket ching Polar Equations

d. Objectives: after the end of courses the student will be able to:

Graph of a polar equation

Pre test
Q1: Graph the polar equations: r = 3c0s20
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Test Polar Equations for Symmetry

In polar coordinates, the symmetry tests for polar graphs:
1. Symmetry about the x-axis: the points(r,6 ) and (r,—6 ) are symmetric with respect

2. Symmetry about the y-axis: The points (r,0) and (-r,—8) are symmetric with respect

[SIE

X)) (r,m—6) .0 (r, 6
-6 e
—r, — .
6
§ ‘x;—se ° . : ° g \.7 10 0
= =
(r,—8) (-r, 6)
(-r, - 8) (rn,n+@)
3n an 3
2 2 2

“Symmetric around | “Symmetric around Symmetric around
the Polar axis the y-axis the pole

Graph of a polar equation

the equation.

Special Polar Graphs

1- Circles

The graphs of
r=acos0, r=asin0, a=0.
are called circles .
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M

r =acos(8) r = a sin (6)
Circle Circle
Example
Sketch the graph of the polar equation r=6sin 6.
Solution:
0 i T 31
r=6sin 0 |0 4 6 4

2-Rose_curves:
The graphs of
r=acosnd, r=asinnd, a=O0.
are called rose curves. If n is even, the rose has 2n petals. If n is odd, the rose has n

petals.
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[ 23
o8

n=2

T = acos (nfh) r = a cos (nd) r = asin (nd) r = asin (nd)

Rose curve Rose curve Rose curve Raose curve

Identify the number of “petals™.
*If nis even, then there are 2n petals.
*If nis odd, then there are n petals.

Determine the length of each petal.
*The length of each petal is|a|units.

Determine all angles where an endpoint of a petal lies.
*If the equation is of the form r = a sin n0, then the endpoints occur for angles on the
interval [0,27)

*If the equation is of the form r=a cos n@, then the endpoints occur for angles on the
interval [0,27)

« Note that when n is odd, it is only necessary to consider angles on the interval [0, ).

A complete graph is obtained on this interval because the graph will completely
traverse itself on the interval [r,27).

Substitute each angle determined in Step 3 back into the original equation to obtain
the appropriate values of r for each angle. The ordered pairs obtained represent the
endpoints of the rose petals.

Plot these points on the graph.

Determine angles where the graph passes through the pole. These angles serve as a
guide when sketching the width of a petal.
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*If the equation is of the formr =asinn@, then the graph passes through the pole when
sinn6=0.

«If the equation is of the formr =acosno, then the graph passes through the pole when
cosno=0.

Draw each petal to complete the graph

Example
Graph the polar equations: r = 2cos36.

Solution:

r = 2c0s36.

2= 2c0s36.
1=c0s360
cos™(1) =36
0=30=0=0
~2=2¢0s3(0).

Rotate petals : — 20360 360_ 27

number of petals T3 3

E1E]

Example
Graph the polar equations: r = 3c0s26.
Solution:
(r,-60)=r=23c0s2(-6) = r=3cos2 (6)
X-axis symmetry: yes
(-r,-6)=-r=23c0s2 (-6 ) = -r=3c0s2 (0 ) = r =-3cos2 (0 )
y-axis symmetry: no
(-r,0)=-r=3co0s2 (6) = -r=3cos2 (0) = r =-3cos2 (6)
symmetry with respect to the origin :no
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Step 2
The length of each petal is 3 units.
Step 3
r = 3c0s20
3= 3c0s20
1= c0s20
cos™(1) =26
0=20=06=0
~.3= 3c0s2(0).
. (2m)360 _360_ T
Rotate petals : number of petals 4 2
2
2z X
3 3
3z x
4 r
3% x
6 6
T »0
7= .3
5x In
4 4
4x i3
3 3
iz
2
3-Lemniscates
The graphs of
rr=a’sin20, r’=a’cos20, a#0.

are called Lemniscates.
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a
3 3
2z z
r2 = a®sin (20) r? = a?cos (20)
Lemniscate Lemniscate
Example
Graph the polar equations: r? = 4sin26.
Solution:

(r,-0)=r"=4sin2 (-0) = r*=-4sin2 (0)
X-axis symmetry: no

(-r,-0) = (-1)?=4sin2 (-0 ) = r* = - 4sin2(0)
y-axis symmetry: no

(-r,0) = (- r)* = 4sin2 (-0 ) = r* = 4sin2(0)
symmetry with respect to the origin :yes

13

0

wl| A

N

o
=lol A

r=2sm20 |0 |186 |2 | 186

The graphs of

r=a+bcosd, r=a-bcos0
r=a+bsinG, r=a-bsinG,a>0,b>0

Are called Limacons the ratio % determines a Limacons shape

r=a+b coso

3 3n 3n

2 2 2
Z<1 Z-1 1<=<2 252
b b~ b b~
Limagon with inner loop Cardioid (heart-shaped) Dimpled limagon Convex limagon
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r=a+b sin®

e
INE
ST

3 =2 ki
3 put 2 2
z 2
Z<1 Z-1 1<=<2 Z>2
b b b b~
Limagon with inner loop Cardioid (heart-shaped) Dimpled limagon Convex limagon

It

a
b
Jf 1< a

b

oIf ‘3
b

Determine the symmetry.
*If the equation is of the form r=a+bsin0, then the graph must be symmetric about

the line e=g.

*If the equation is of the form r=a+bcos0, then the graph must be symmetric about
the polar axis.

69



Plot the points corresponding to the quadrant angles 6=0, ezg, 0=n,and 9:37“.

If necessary, plot a few more points until symmetry can be used to complete the
graph.

Example
Identify the symmetries of the curve r = 2 + 2 cos 6 and then sketch the graph.

Solution:

Step 1

the ratio |%| = 1 = the graph is a cardioid

Step 2

then the graph must be symmetric about the polar axis
Step 3

a+b = 2+2 =4 =stretches on x-axis
a=2 = stretches on y- axis

0 0

NN A

r=2+2cos6 4

Example
Identify the symmetries of the curve r=1-2 cos 6 and then sketch the graph.

Solution:
(r,-0)=r=1-2cos(-0)=r=1-2cos0

X-axis symmetry: yes
(-r,-60)=-r=1-2cos(-0)=-r=1-2cos(@)=r=-1+2cos(0)
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y-axis symmetry: no
(-r,0)=-r=1-2cos® =r=-1+2cos(0)
symmetry with respect to the origin :no

the ratio |%| = 0.5 = then the graph is a limacon with an inner loop that intersects the
pole.

a+b = 1+2 =3 =stretches on x- axis
a=2 = stretches on y- axis
a-b=1-2=-1 = lower point

i T 2T 5T T
0 0 3 > 3 6
r=1-2cos@ -1 0 1 2 1+/3 3

3
2
Limacgon:
r=1—2cos8
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand polar coordinate

c. Central ldeas:

Areas in Polar Coordinates

d. Objectives: after the end of courses the student will be able to:

1-Find Areas in Polar Coordinates

Pre test
Q1: Find the area of the region that lies inside r = 3 + 2 sin 8 and outside the
circle r =2

Areas in Polar Coordinates

1. If f(8) be nonnegative continuous functionon [ « , S ] ,then the are A anclosed by
polar curve r = f(8) and lines (rays) 8 =a and 8 = is

A=2["r2do =2 [P[f(6)]? db

Y

2. Let R be the region enclosed by nonnegative continuous functions
f(@) and g(@) on[a,pB],andthelinesd =a and 8 =p is, then the area A
of the region R is
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A=l r?do=2[71f*6) - g* (6] do

M

Example:
Find the area in the first quadrant that lies within the curve r = 1 + cos 6.
Solution

the graph of polar equation is cardioid

the area that lies between the rays 6 = 0, %

_1(3 2 _1.3 2
A—Efozr d6 ==f2(1 + cos 6)* df

2
- %fg (14 2cos 6 + cos?6) do

—1f05 (14 2cos 6+ [@]) do

T2

= (0 +2sinf + (6 + sin20

T

2

0

~1rr in® +1 ™41 2%y : 1 1 g

—2[2+251n2+2(2+2 sm22) (0 + 2 sin0 +2(O+2 sin0)) ]
A

o r _ =z T3l
=s[5+2+,+0)-(0+0 +0))] = +1+-=3_+1
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Example:
Find the area enclosed by one leaf of the 4-leafed rose r = cos (20).
Solution

The leaf pointing east is formed by the
curve r = cos(2 8) between two angles for
which

r=0.

0 =cos(2 0)

Cos'1(0)=§
20 = g = 0
.'.9:+E

— 4

1,7 1
A=5f_4§7"2 d9=5f

T
4

T[
4

T
4

(cos 260)? d@

_1 T 2 (s 1
—Zf_%cos 20 d9-f_§4(1+cos49) do

o 1 . " 1 1.
=2 +—sin4 0", = —=—(— )+ —sin - — sin (-Tr) =
4 16 -2 16 16’ 16 16 8

Example:

Consider the polar curvesr=6sin@andr=2+2sin00 <0 < 2m.
(a) Find all points of intersection of the two curves.
(b) Graph the two curves and indicate their points of intersection.
(c) Find the area inside the first curve and outside the second.

Solution
(@) Begin by solving the equations simultaneously.
6sinB =2+ 2sind
6sin@ -2sinf =2
4sin6 =2 = sind =%
Vs

— cin-lrl —
B =sin (E)=> e-g

the two polar graphs intersect at (r, 6 ) = (3, %) (3,5 %) ,(0,0)
(b)
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(c) The area is given by the following integral.
5T [
A =§f£ “r2d = [, °[(6 sinB)% — (2 + 2 sinB)?] db
6 6

[
= % Jr °[36sin*8 — (4 +8 sinB +4sin6)] dO

6
5T

=% J= ©[36sin®6 —4 -8 sin6 -4sin?6] d6
6

[
= [« *[16sin?6 -2 -4 sin6] d6

6

5% - 5T
= [ 6[16@—2 -4 5in@ | df=[ °[8 — 8cos26 -2 -4 sind ] db
6 6

52 _ _ 5T
= [z °[6 — 80528 -4 sinB] dO=6 0 -4 sin20 + 4 cosB|+°
6

6

=6 (SE) -4 sin2(5§)+40055§ - [6 (g) -4 sin2(§)+4cosg] =4m

Example:
Find the area Outside r = 1+cos 6 in side r =+/3 sin 6.
Solution

1+c0s 6 = v/3sin 0
1+2 cos 0 + cos> 0 = 3sin’0 L
1+2 cos 0 + cos’ 0 = 3 (1 - cos’ 0)

4c0s° 6 +2cos0-2=0 |
2c0s° @ + c0s0-1=0 P
1

i

1]

(2cosB-1)(cos6+1)=0 |

cos 0 =2 =5 cos?(®) =2 = == ‘
2 27 3 3

cos0=—1=cos’ (-1)=m =0=nm
_1(m 2
A—ngr do
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=% [FI(V3 5in6)” (1 + cos)?]d0

:% fgﬂ(3 sinf®—1—2cos8® — cos?0)do

:% fg[g (1—-cos28) —1—2cosB— %(1 + cos2 6)]d6

=l fET[ —2 cos 0 — 2cos2 0)]do

REPRCINET.
P

=27

NIH

[ —2sin B — sin20 |71f =1
3 2
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand type of coordinate
c. Central Ideas:

e cylindricasl coordinate
o spherical coordinate

d. Objectives: after the end of course sylinrical coordinate the student will be
able to:

convert from cartisain to cylindricasl coordinate or to cylindricasl
coordinate

Pre test
Ql: Givenp(r=6,0 = 120,z = —3)and q(x = 5,y = —V3,2 = 4)
Find the length and a unit vector along A directed from a point
pandq.
Q2:Convert the points from rectangular to spherical coordinates.

a) (1,-1,—+2)

Cylindrical Coordinate System

system xy - plane with an additional z - coordinates vertically.

In the cylindrical coordinate system, a point P (X, y, z) ; whose Cartesian

Coordinate is (X, Y, z) ; is assigned by the ordered triple (r, 0, z),

where (r, 0) is the polar coordinate of (X, y) ; the vertical projection along z - axis of P
onto xy — plane.

Thus, the transformation from the Cartesian coordinates to the cylindrical
coordinates is given by

79



X =1rC0oS 0

y=rsino §
z=12 Py a=(,0,2) i
| -

L o r &y ]

................................. Q‘ .

Where0<r<ow;0 ;060 <2m;-0<z<

Example:
Convert from cylindrical coordinates (2, 2%, 1) to rectangular coordinates.

Solution

To find its rectangular coordinates, we use the formula

X=rC039=>X=2003(2§):2(_?1)=_1
y:rsine:yzzsin(zg):z(%:\/g
The point is(—1 ,v/3,1)

Lo
To convert from rectangular coordinates to cylindrical coordinates.
r= Xt y?
6 =tan™ (%) )
=17
Example:

Convert the point (-1, 1, v2 ) from Cartesian to cylindrical coordinates.
Solution

r=x2+y2=r=v-12+12 =2
tan 6 = = 6)=tan'1(_i1 =-I=37

z=/2
Thus(—l,l,\/i)=(\/§,3% V2)
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Spherical Coordinate System

(X, Y, 2) ; is described by an ordered triple (p , 6, ®).

=~~n__‘ (X,y,z} /
1 ~
: ¥ Y ‘H“_h“‘f"/———--____---—— 7
— D oo i \ P
/ Sing

e ¢ : Angle from positive z - axis to vector OP.
e Where0<p<ow;0 ;0<6 <2m;0<¢<m.

p cos¢

X

To transformation from the Cartesian coordinates to the Spherical coordinates isgiven by
P = Jx%+y2 + 72

e:mw%g)
1, Z
® =Cos (-
(%)
Example:
Convert the points from rectangular to spherical coordinates.
b) (1,-1,— V2)
¢) (0,1,-1)
d) (-1,1,v6)
Solution

a)

p= \/x2+y2+22:\/12+—12+—\/§2:2
—tan (XY =tanlf i\ _T
0 = tan (x)—tan ( 1) .
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- 1 Z 3
cosl(f):cosl(—ﬁ):—f p=r—L=
p 2 4 4 4

o 37, . :
the point is(2, —% : Tn) in rectangular coordinates

b)
p= Jx2+y2+2z2=02+-124+-12=2
—tan( Y\ =tanl( 1\
e—tan(x)—tanl(o) > 2
cos'l(f) = cos™( ) :E P = n—§=?”
the point |s(2, 5 ,—) In rectangular coordinates
c)

= \/x2+y2+22:\/—12+12+\/€2:2\/§
T 3m

6 :tan'l(z): tan'l(i): —E 0=m— o=

® = Ccos’ ( ) = cos™( \F)_E

—) in rectangular coordinates

the point |s(2 vz, 32 T

To transformation from the Spherical coordinates to the Cartesian coordinates is given by
X=psind¢ cosO
y=psing sin0O
Z=pcos o
Example:

Convert the point (4, E : E) from spherical to rectangular coordinates.
Solution
X =psin ¢ cos B =4 sinz cos> =2
y=psind sin 6=4singsin§ =2
z=pcosc|>=4cos%=2\/§
The point is(v2, V2 , 2 v/3) in rectangular coordinates.
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand complex number

c. Central ldeas:
complex number
complex conjugate
Complex Arithmetic

square Roots of Complex Numbers.

d. Objectives: after the end of courses the student will be able to:
1-Find complex conjugate
2- find Complex Arithmetic

3- find square Roots of Complex Numbers.

Pre test
Q1: Solve the complex equation m? — 7m + 9ni = n%i + 20i — 12

Q2: Find the value of the following (1+1) -8
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Complex Numbers

Definitions.
Leti2 = -1.

ai=v/—1

Complex numbers are often denoted by z.
Just as R is the set of real numbers, C is the set of complex numbers.If z is a complex
number, z is of the form

z=x+1y €C, for some x,y €R.

e.g. 3 + 4i is a complex number.

Z=X+1y

T_

real part imaginary part.
Ifz=x+1iy,X,y €ER,

the real partof z = _(z) = Re(z) = x

the imaginary partofz=_(z2) = Im(z) = .
eg.z=3+4i

Re(z) =3

Im(z)= 4.

If z=x + iy, then z (“z bar”) is given by
Z=x-1y

and is called the complex conjugate of z.
eg.If z = 3+4i, then z = 3— 4i.

Example. Solve x2 —2x + 3 =0.

complex Arithmetic.
Addition/Subraction.
Example 1. (2 + 3i) + (4 +1) =6 + 4i.
Example 2. (8 — 3i) — (=2 + 4i) =10 — 7i.
Multiplication/Division.
Example 1. (2+3i)(1+2))=2+4i+3i—-6=—4+7i
Example 2. (3 - 2i)(3+2i))=9 — (2i)2=9+4 =13
.- when we multiply two complex conjugates, we get a real number.
Example 3. 2+3i
1+4i = 2+3i
1+4i
X 1-4i
1-4i = (2+3i)(1-4i)
(1+4i)(1-4i) = 2-8i+3i-12i2

1-(4i)2 = 14-5i
17
(realising the denominator)

Theorem. If two complex numbers are equal then their real parts are equal and their
imaginary parts are equal, i.e., if a+ib = c+id where a, b, ¢,d €R,thena=cand b =d.
Example 1. Find x, y if (3 + 4i)2 — 2(x — iy) = x + iy.

Left hand side (LHS) =9 — 16 + 24i — 2x + i2y

=—7—-2x+1i(24 + 2y)
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=7 —-2Xx=X

3x=—7

X=-7

3

& 24+2y =y

y=-24_

Solving simultaneously,
6y = 60

y=10

& .. x=—4, _

square Roots of Complex Numbers.

Example 1. Find the square root of 35 — 12i.

Let

Example 2. Find the roots of z2— (1 — i)z + 7i — 4 = 0 in the form a + ib.
7=

a-nz

(1 —i)2— 4(1)(7i — 4)
2

(_1—i)i

Va
1-1-2i—28i+16
2

(_l—i)i

Va

16 — 30i

2

From beside,
(_1—i)i(5—3i)

2

I—i+5—3i

2

or

1-i—(-3i)

2
=3-2ior—2+1. _
\/

16 — 30i = (a +ib)

16 — 30i = a2 — b2+ i(2ab)
az—b2=16

2ab =—-30

ab=-15

a=5&b=-3
ora=-5&b=3
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand complex number

c. Central ldeas:
complex number
complex conjugate
Complex Arithmetic

square Roots of Complex Numbers.

d. Objectives: after the end of courses the student will be able to:
1-Find complex conjugate
2- find Complex Arithmetic

3- find square Roots of Complex Numbers.

Pre test
Q1: Solve the complex equation m? — 7m + 9ni = n%i + 20i — 12

Q2: Find the value of the following (1+1) -8
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Product of Complex Numbers.

The triangle OQR is constructed similar to _AOP. A is the point (1, 0).
Multiplication by 7, -1, -/.

Multiplication by i, rotation 90- (anticlockwise).

Multiplication by —1, rotation 180 - anticlockwise.

Multiplication by —i, rotation 270 - anticlockwise

Geometric Representation of Locus Problems.

General forms:- |z — z1| = a represents a circle, centre at z1 radius a units.
Example 1. |z] = 1.

Example 2. |z - 3| = 2.

Example 3. |z —i| = 1.

Example 4. |z -1 - 2i|=2

|z — (1 + 2i)| = 2 centre (1, 2), radius 2 units.

Example 5. |z] <3 (note:- if less than, it is inside, if it is greater than, it is outside.)
Example 6. 2 <|z| <3.

Example 7. |z] <4and 0 <argz <=z

3.
Example8.1< (z) <2ifz=x+1y,
then (2)=y(& .. 1<y<2)
Example 9. —z

6<argz <z

3.
Example10.1< (z)<2and _(z) <-1
Example11.1< (z)<2o0r_(z7)<-1
Example 12. |z] <4or0<argz <=

Using Algebra to Represent Locus Problems

Example 1. Show algebraically that |z —2—i| = 4 represents a circle with radius 4 units
and centre (2, 1).

|z-2-i|=4.

Sox+iy-2-1i|=4.

S x=2)+iy — 1) = 4.
S (x= 22+ (y—1)2=4.
So(X—2)2+ (y—1)2=16.
which is a circle centre (2, 1), radius 4 units. _
Example 2. Sketch the curve: (i) _(z2) = 3 (ii) _(z2) = 4.
() _(z2)=3
((x+iy)2) =3
_(x2—y2+2ixy) =3
X2—Yy2=3.
(i) _(z2) =4.
S 2xy =4,

LoXy=2.
Example 3. Describe in geometric terms, the curve described by 2|z| =z + z + 4.
2zl =z +z +4.

LO2Ix+iy|=x+iy+x—iy+4.

L2 Xety2=2x+4=2(x+2).

_Xet+y2=x+2.

Soxet+y2= (X +2)2.
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X2+ y2=x2+4x + 4.
Sooy2=4x+ 4,
= sideways parabola at vertex (—1, 0).
Example 4. Sketch the locus of _(z +iz) < 2.
_(x+iy+i(x +iy)) <2.
S (xt+iytix—y) <2
Xy <2
Example 5. If z2= 1+i & z2= 2 + 3i find the locus of z if |z — z1] = |z — z2|.
X +iy — (L +1)]=|x+iy — (2 + 3i)].
S =) +ily = D=1k —2) Hily - 3).
C(x= 12+ —12=_(xX—2)2+ (y — 3)2.
(X=12+(y—12=(X—2) 2+ (y — 3)2.
X2 — 2X+1+y2 — 2y + 1 = x2 — 4x+4+y2 — 6y + 0.
o2x+ 4y =11,
N.B. |z — z1] = |z — z2| will always be a straight line. It will always be the perpendicular
bisector of the interval joining z1 to z2.

(#) Note. sin(A+B) = sinAcosB+sinB cosA & cos(A+B) = cosAcosB—sinAsinB.
De Moivres Theorem. (cos @ + i sin &)n = c0os n6 + i sin né.
Proof. (By mathematical induction forn=0,1,2,....)
Step 1. Testn=0.
L.H.S. = (cos @ + i sin O)o
=1
R.H.S.=cos0+isin0
=1
= L.H.S.

. itistrue forn=0.
Step 2. Assume true for n =Kk i.e., (cos € + i sin f)k = cos k0 + i sin k6.
Testforn=k + 1.
i.e., L.H.S. =(cos @ +isin O)k+1 & R.H.S. = cos(k + 1)@ + i sin(k + 1)0
= (cos @ + i sin H)k(cos & + i sin H)1
= (cos k0 + i sin kG)(cos O + i sin H)(since we have assumed it true for n = k)
= CO0S k6 cos 6 + i sin 6 cos kO + i sin k6 cos & — sin kO sin 6
COS k6 cos @ — sin kB sin @ + i(sin @ cos kO + sin k6 cos 6)
cos(k6 + ) + 1 sin(k6 + 0) (see (#) above)
=cos(k +1)8 +isin(k + 1)0
=R.H.S.
Step 3. If the result is true for n = 0, then true forn=0+ 1, i.e., n = 1. If the result is
true forn =1, then true forn=1+ 1, i.e., n = 2 ans so on for all nonnegative integers
n
Example 1. Simplify:
(@) (cos @ — i sin B)-4 (b) (sin & — i cos G)7 (C) (cos 26+i sin 26)3
(cos #-isin H)a.
(@) (cos @ — i sin 8)-4 = cos(—46) — i sin(—406)
=cos40+isin46 _
(b) (sin @ — i cos G)7=(—icos O + sin H)7
= —i7(cos @ — i sin 6)7
=i(cos 760 —isin 76)
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=sin76+1icos76 _
(C) (cos 26+i sin 26)3

(cos @i sin 8)4 = (cos 6+i sin H)e
(cos 6-i sin H)4

= (cos 6+i sin H)e

(cos(—0)+i sin(-0))4

= (cos 6+i sin O)e

(cos 6+i sin 6)-4

=(cos @ +isin H)1o0
=c0s 106 + i sin 100 _
De Moivre’s Theorem and the Argand Diagram
Example. If z =

N

3 + i represent the following on the Argand Diagram:
Z,iz, 1
1,2,22,2,72+12,73— 1
z=2(cos =

6+ 1SNz

6)

z

-1=(2(cos =

6+ 1SNz

6))-1

=1

2 (cos—=

6+1iSin—=

6)

=1

2 (cos =

6

—isinz

6)

2z = 4(cos =

6+isinz

6)

z2 = (2(cos =

6+isinz

6))2

= 4(cos =

3+ising

3)

z3 = (2(cos =

6+isinz

6))3

= 8(cos =

2+ising

2)

Solution on next page.
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand A differential equation
c. Central Ideas:
e First Ordinary Differential Equations
e Methods to solve the first order first degree differential equations
d. Objectives: after the end of courses the student will be able to:

solve the first order first degree differential equations

Pre test

Q1: solve the first order first degree differential equations
xdy

_ .3
_dx +3y=x
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Differential Equations

A differential equation is an equation that involves one or more derivatives.
Differential equations are classified by:
1. Type: there are two type

- Z—z =x+5

Is Ordinary differential equation, y is unknown function
(dependent variable) and x is independent variable.

2- y" +x2(y"")? + y'=cosx

Is Ordinary differential equation, is y unknown function
(dependent variable) and x is independent variable.

Is partial.differential equation, is z unknown function (dependent
variable) x and y is independent variable.

2. Order: The order of differential equation is the highest order derivative that
occurs in the equation.

3. Degree: The exponent of the highest power of the highest order
derivative.

Ex1:

— =5x+3 1st order-1st degree

Ex2:
[QJ +(HJ 3rd order-2nd degree

Ex3:

Y 4 sin x Z;{_y +5xy=0 3rd order-1st degree
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L1 \A/.

Exercise: Find the order and degree of these differential equations.

1. %4- cos x=0 ans:1st order-1st degree
X

2. 3dx+4y'dy=0 ans:Istorder-1st degree
d’y )

3. ~—+ y=

4. (Y)Y +2y=x

5. ¥V +2(y) =xv

Definition

The solution of the differential equation in the unknown function y and the
independent variable x is a function y(x) that satisfies the differential equation.
I.e. any equation satisfying the differential equation is called solution of the

differential equation

Exercise: Show that y = a cos 2x + b sin 2x is a solution to y"+4y=0
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First Ordinary Differential

Ordinary Differential Equations are equation which involve only one
independent variable

1- Variable Separable

First order differential equations. can be solved by integration if it is possible to
collect all y terms with dy and all x terms with dx, that is, if it is possible to write
the differential equations. in the form
f(x)dx+ g(y)dy=0
then the general solution is:

I f(x)dx+ j g(ydy=c where ¢ is an arbitrary constant.

EX 1:- Solve xdy = ydx
(ydx — xdy = O) i

———==0hy mtegral of two sides

j—_ 2o

Lnx — lny Inc
Lnf = Inc

X
y
y

AalxR 0
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Ex2: Solve the D.E. x(2y — 3)dx + (x> + 1)dy = 0
b 1

—(x2+1)dx+—(2y_3)dy= 0

j—x d +j—1 dy =0
@+D T 2y-37 "

11 |( 2+1)|+11 (2 —3)|—11

7 In|(x 5 Inl 2y =5Inc

241

Ex 3: —Solve the D.E xe” dy + ” dx =0

241 vl
fyeydy+fxx dx =0 o
fyeydy+f(x+i)dx=0 o Ne>

2
yey—ey+(x7+lnx)=c

H \A/.

Exercise: Separate the variables and solve.
1- x(2y = 3)dx + (x> + 1)dy =0
Yy _ Yy

dx x(y—3)
d -
3- 2= ¥y

dx
4- 1/xyzli—z =1
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2- Homogeneous

flx,y) = x? + 3xy + y2, f(kx, ky) = k?x? + 3kx. ky + k?x?
= k?(x? + 3xy + x2) = k*f(x,y)
~ f(x,y) is a homogenous function of degree two .

Now, When the differential equation as form
M(x,y)dx + N(x,y)dy =0

Where M and N are function of x and y is called homogenous if satisfy the
condition
M (kx, ky) = k"M (x,y)
N(kx,ky) = k"N (x,y)
Where k is constant
1-(x%? — y?)dx + 2xydy = 0
M(.X',_Y) = x? _erN(x'y) = ny
M(kx, ky) = (kx)? — (ky)? = k> (x> —y?) =k*M
N(kx, ky) = 2(kx)(ky) = 2k*xy = k* N
The equation is a homogenous
2-(x —y)dx + xydy =0
M(X,y) =X —y,N(X,y) =Xy
M(kx,ky) = kx —ky =k(x —y) = kM
N(kx, ky) = (kx)(ky) = k*xy = k*N
The equation is not homogenous

If the equation is homogeneous we can solved by the following method :-
Put in the form

dy y
2= ) M
- =Y — v _ w
Tosolveltputv_x:y_vx:dx_ v+ x—

Substitute in eq. (1) gives

dv dv
% +xa—f(v)=>f(v)—v =xX—
dv

fw)-v

= % (Separable D.E)

Integration of both sides given the final solution
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dv
ff(v)_v=1n|x|+c

Solve (x%2+y?)dx + 2xydy = 0
Solution

M(x,y) = x*+y?% N(x,y) = 2xy
M(kx, ky) = k? (x?>+y?),N(kx, ky) = 2k? (xy)
M(x,y) and N(x,y) are hom.
2xydy = —(x*+y?)dx
d —(x2%+y?
é _ (nyy ) (1)

LetyzvxandZ—zz v +x ¥

v
dx
Substitute y and Z—i’ in eq. (1) gives

xdv _ —(x?+v2x?)
vy dx 2x2v
xdv —(1+v?)
v+ =

dx 2v
xdv _ —(1+v?) .
dx o 2v
xdv  —(1+v?) —2v°
dx 2V
xdv  —(1+ 3v?)
dx 2V
x  —(1+3v?)
dx  2vdv
dx _ 2vdv
x —(1+3v?2)
dx N 2vdv B
x  (1+3v2)

Integration of both sides given the final solution

In|x| +§1n|1 +3v?| =c¢

Solve
1- (x3-3x2y)dx — (x3—x3)dy =0
dy  x+y
ik
Ministry of higher Education and Scientific Research
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand A differential equation
c. Central Ideas:
e First Ordinary Differential Equations
e Methods to solve the first order first degree differential equations
d. Objectives: after the end of courses the student will be able to:

Solve the first order first degree differential equations

Pre test
Q1: solve the first order first degree differential equations
xdy P
dx y=2
3-Exact

A differential equation M(x,y)dx + N(x,y)dy = 0 is said to be exact if and
only

if oM _ N

dy T ox
For example

1- The equation (x2 + y?)dx + (2xy + cosy)dy isexact because the
partial derivative
oM _ o(x*+y?) 2y ON _ d(2xy+cosy)

3y % - P> = 2y are equal.

2- The equation (x + 3y)dx + (x% + cosy)dy is not exact because the
partial derivative
oM _ 0(x+3y) _ 3 ON _ 9(x*+cosy)

% % pl - = 2x are not equal.

1- Match the equation to the form M(x, y)dx + N(x,y)dy = 0 to identify M and N.
2- Integrate M(or N) with respect to x (or y) , writing the constant of integration as

g(y) or g(x) .
3- Differential with respect to y (or x) and set the result equal to N (or M) to

find g'(y)or g'(x) .
4- Integral to find g(y) or g(x).
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5- Write the solution of the exact equation as f(x, y)=c

Example

Solve (x?+y?)dx + (2xy + cosy)dy = 0

Solution
The equation (x2+y?)dx + (2xy + cosy)dy is exact because
oM _ 9(x*+y?) _ , ON _ 9(2xy+cosy) _
P A > = 2y are equal.

Stepl Match the equation to the form M(x, y)dx + N(x,y)dy = 0 to identify M.
M(x,y) = x%+y?

Step2Integrate M with respect to x , writing the constant of integration as g(y) .
3

X
MG y)dx = [ GyDdx =2+ xy? + g()

Step3 Differential with respect y and set the result
equal to N to find g'(y).

3
A +xy?+g()]
oy

2xy+g'(y) = 2xy + cosy = g'(y)= cosy

= 2xy+g (¥)

Step4 Integral to find g(y).
J9'dy = [ cosydy = siny

Step5 Write the solution of the exact equation as f(x, y)=c

x3 2 .
?+xy +siny =c

H.W:

Solve the forfowing equation

dy  x3-3yx?
1- ay _

dx x3—y3

2- (x2=3y?+x+y—2)dx+ (x —6xy +y*+10)dy = 0
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4-First — order linear differential equation

A differential equation that can be written in the form

dy B
—+PEY = QX

Where P and Q are function of the x is called a linear first orde equation .

The solution is
1
y = m“ I(x)Q(x)dx +c

Where I(x) = eJ P()dx

1- Put it in standard form and identify the functions P(x) and Q(x).
2- Find an integral of p(x) i.e [ p(x)dx

3- Find the integrating factor I(x) = e/ P()dx

4- Find y using the following equation

y = % [[1(x)Q(x)dx + c],where c is constant
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d
Solve x=2 — 3y = x2
dx

Solution

Stepl Put the equation in standard form and identify the functions
P(x) and Q(x).To do so ,we divide both sides of the equation by

the coefficient of d—y, In this case x, obtaining
@ _ E _
dx y x
p(x) = and Q(x) = x

Step2 Find an integral of p(x)
[p(x)dx = f_;dx =—3lnx

Step3 Find the integrating factor I(x)
I(x) = e/ P(dx — o=3Inx — plnx™> —

Step4 Find the soluation

1( ) [[1(x)Q(x)dx + c], where cis constant

Y= s [f—xdx +c]

The solution is the function y = x3 [_71 + c] = cx3 — x?

H.W:

Solve the following equations

_ ay — 42
1- x T 3y =x
2- (1+x*)dy+ (y—tan"tx)dx =0

dy _
3- -, ytanx = 1

5- The Bernoulli Equation

The equation Z—z +p(x)y = Q(x)y" ---(1)
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iIf n # 0 called Bernoulli equation. We shall show transform this equation to linear
equation. In fact we must reduce this equation to linear , product eq.(1) by y™"

|2+ p@)y = @Gy | y

2y apy =@ 2)
Let
w =yl
dw=(1—-n)y'™"1dy
Or
dw _ .
=Y " dy Putin(2)
dw
T p(OW = ()
Or
dw
2+ @ -nmp@w = (1-n)Q@)
Example

Solve the following differential equation

vy ¥y _
dx x Y
Solution
@Y _ 2|2
dx X =Y ]y
-2 Y
Y + — = 1 (1)

Letw =y !=dw=—y2dy

—dw = y~2dy putin eq.(1)
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dw w
- =1

dx X
w_vw_ _1q
dx X
1
b= _;;Q = -1
dx
I = epix = of % = gminx = 1
The solution
K=f__1dx-|-c=—lnx+c
X X
L lnx+c
xy
_ 1
y_x(c—lnx)
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand A differential equation
c. Central ldeas:
e Second Ordinary Differential Equations

e Methods to solve the second order linear homogeneous differential
equations

d. Objectives: after the end of courses the student will be able to:
¢ solve the second order linear homogeneous differential equations

pre test
Q1: solve the first order first degree differential equations

yu_ yv_zy — O
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Second Order Linear Homogeneous
Equation
The linear equation

dny dn—ly dy
ot G o bt a () 7o ag(x)y = f(x)

If f(x) = 0 then it is called homogeneous ; otherwise it is called non-
homogeneous

Linear Differenential operator

It is convenient to introduce the symbol D to respect the operation of
ﬂ
dx
Furthermore, we define power of D to mean taking successive derivative:

differenential with respect to x. That is, we write Df (x) to mean

D?f(x) = DIDf ()} = 2L, D3 (x) = DD*F(x)} = 24
d*f df
(D? +D = 2)f (x) = D2f () + Df (¥) = 2 () = == + == 2f (%)

The Characteristic Equation

The linear second order equation with constant real- number coefficient is

d*y dy
W+2aa+by =0

Or, in operator notation
(D2 +2aD +b)y =0
(D—=r)D—-1)y=0

2
Solution of % + ZaZ—i’ + by = 0 depended on root r; and r,

Rootr; and r, Solution

Real and unequal y = ce’* + ¢ e’21¥
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Real and equal y = (c;x + ¢,)e"*

Complex conjugate a + ib y = e*(cq cos bx + c, sin bx)

a) y+y—-2y=0
b) y+4y+4y =0
) y+4y+6y=0

dy+4y=0
Solution

The characteristic equation is
D?+D-2=0
DbD-1)D+2)=0
n=1landr, = -2
The solution is
y =ce* + e
b)y+4y+4y=0
The characteristic equation is
D*+4D+4=0
(D+2)(D+2)=0
The solution is

y = (c1x +cy)e %

C)y+4y+6y=0

The characteristic equation is
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D?+4D+6=0

_ —b++Vb?—4ac
2 = 2a
—4 ++16 — 24
N2 = >
—4+V-8
"2=""3
I, =-2= V2i

The solution is

y = e (¢, cos \/Ex + ¢, sin \/Ex)

d)y+4y =0
The characteristic equation is
D*+4=0

(D—20)(D+2i)=0

The solution is

y = (c; cos 2x + ¢, sin 2x)
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand A differential equation

c. Central Ideas:

e Second order Non-homogeneous Linear Equations
e Methods to solve Second order Non-homogeneous Linear
Equations

d. Objectives: after the end of courses the student will be able to:
e SolveSecond order Non-homogeneous Linear Equations

Pre test
Q1: solve differential equations
y"-y'— 2y = 4x3 [use undetermined coefficient method]

Second order Non-homogeneous Linear Equations

Now, we solve non-homogeneous equations of the form

Y 202 + by = f(x)
The procedure has three basic steps.

First: we find the homogeneous solution y, (h stand for homogeneous) of the
reduced equation.

Second: we find a particular solution y,, of the complete equation.

Finally: we add y, to y; to form the general solution of the complete equation.
So, the final solution is
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Y=Yntp

Methods to find the particular solution y,,

This method assumes we already know the homogeneous solution

Yh = Uy (%) + couy(x)
the method consists of replacing the constants ¢, and ¢, by function v, (x) and
v, (x), then requiring that the new expression

Yn = V1Ug + VoU;
and by solving the following two equations
v,lul + 17’2u2 == O
vily + Voup = f(x)

for the un know function v/; and v/, using the following matrix notation

i, ) [5] = Lol

Finally v, and v, can be found by integration.

In appling the method of Variation of parameters to find the particular solution,

I. Find v; and v/, using the following equation

0 u2|
¥, = f(x) Uy — —Uy f(x)
1 u,l u’z | Ul —Up Uy
Uy U
b ol
go= i reol _ _wfe
2 u,l uzl Ul —UpUy
Uy U

ii. Integrate v; and v, to find v; and v,.
iii. Write the particular solution

Yp = ViU + VU,
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d?y dy __ —
Ly 08y — 3y = 6

The characteristic equation is D? + 2D — 3 = 0 and the roots of this equation
arer; = —3andr, = 1,0

—-3x X

yh=cle ¥ +tce*su =e ¥ andu, =e
17'16_3" + vlzex - O

_377,16_3)6 + vlzex - 6

0 e*
6 e* —6e* —6e* —6e*
= e—3x - e-3xpx _ ex(_ge—Sx) = e—2x 4 3p—2x = 4e—2x
|—3€‘3x
1],1 = _?36396
3x 0
—36_3x 6 _ 69_3x _E —x
e—3x eX| 4eo—2x - 26
|_36—3X ex
v, = J_—Be?’xdx = —1e 3x
2 2
_.[3 —xd —_ _3 —X
v, = | e tdx = —-e

Yp = V1Uq + VoUy

—1 3 —3
=(Fer)erra(Fe)er=-2
The general solution is
Y=Ynt¥
=c,e 3 4+ e =2
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y—2y' +1=eXlnx
solution
the characteristic equationis D> —=2D+1=0= D -1)(D-1)=0
therootsare r; =1, =1
the solutionis y, = (c;x + ¢cy)e* = cyxe* + c,e*
from that we have u, (x) = xe* and u,(x) = e*
v +uyv, =0
Uy vy + 1V = f(x)
xe*v; +e*v, =0
(xe* + e*)V, + e*v, = e*lnx

xe”* e*

Let M= = xe?* — (xe?* + e?*) = —e?¥
xe* +e* e* ( )
0 e* "
) eXlnx exl —Inxe”
vy = = = Inx
M —e?x
| xe* 0 | .
x x X xlnx .e
v, = xe* + eM e*lnxl _ = —xinx
—e
vy = f Inx dx

Letu=lnx,dvzdx=>du=§dx,v=x

1
vy = xlnx—fx.;dx = xlnx — x

v, = — f xlnxdx

2
Letu=anCﬁdU,:idx,dv:xdx:v:x?

x? x? 1
v, = — 7lnx— 7;dx
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the particular solution is

Yp = ViU + VU,

x?  x?
= (xlnx — x)xe* + T 7lnx e*

2 2
2,.X 2,X X X X X
= x“e*lnx — x“e +Ie —78 Inx

_xz xl 3x2 X
= eflnx ———e

The complete solution is

Y=YntYp

2 2
— X X x_ x| _ 3x X
= c;xe* + ce* + Setlnx ———e

selected equations.

The method of undetermined coefficients for selected equation of the
form

9 1202 + by = f(x)

dx?
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If  f(x)hasaterm of the expression for y,,

erx A erx
sin(kx), cos(kx) Bcos(kx) + C sin(kx)
ax®+ bx +c Dx?+Ex+F

Important Note: this expression used for y,, should not have any term similar to

the terms of the y,. Otherwise, multiplying the term that is similar to y,
repeating by x until it becomes different.

1. y— 6y +9y = e3*
2. v—y = 5e* —sin(2x)
3. y—9y—2y=4x3

equation
y—6y+9y =0
the characteristic equation is

D?—6D+9=0
(D-3)2=0

therootsarer, =r, =3
Yn = (c1x + c;)e’*

Since f(x) = e3* then let y, = Ae3*. But, Ae>* is similar the second term of
the y,. So, lety, = Axe3*. Again Axe3* is also similar to the first term of the
yp. Finally, let y, = Ax*e3* = ¥, = 3Ax?e3* 4+ 24xe>*

y’p = (9x2%e3* + 6xe3%) + (6Axe3* + 24e3%)
= 9Ax%e3* + 12xe3* + 24e3*

substituting into the differential equation ¥ — 6y + 9y = e3*

we get
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(94x2%e3* + 12Axe3* + 24e3%) — 6(3Ax2e3* + 2Axe3* ) + 9Ax?e3* = 3%

=>2Ae3x=e3x=>2A=1=>A=%

the general solution is

1
y = (c1x + cy)e3* + §X2€3x

2) The homogeneous solution y; can be found using the reduced equation
j-9=0
the characteristic equation is
D2—D=0=DMD-1)=0
therootsarer;, =1landr, =0
S Y =cer 4oy

Since f(x) = 5e* —sin2x then let y, = Ae* + Bcos(2x) + Csin(2x). But,
Ae” is similar to the first term of the homogeneous solution. So, let

yp = Axe* + Bcos(2x) + Csin(2x)

Yp = Axe* + Ae* — 2Bsin(2x) + 2Ccos(2x)

y’p = Axe* + Ae* + Ae* — 4Bcos(2x) — 4Csin(2x)
substituting into the differential equation y — y = 5e* — sin(2x)

we get

Axe* + 2Ae* — 4Bcos(2x) — 4Csin(2x)
— (Axex + Ae* — 2Bsin(2x) + 2Ccos(2x)) = 5e* — sin(2x)

Ae* — (4B + 2C)cos2x + (2B — 4C)sin2x = 5e* — sin2x
A=5,(4B +2C) =0,(2B — 4C) = —1

A=5B= 1 c—1
ST 10" 5
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So,
x 1 1.
Vp = Sxe* ——cos2x + -sin2x
10 5
the general solution is

Y=Ynt¥p

1
y =c;e* +c, + 5xe* — 1—00052x + gsian

3) The homogeneous solution y,, can be found using the reduced equation
y=y-2y=0
the characteristic equation is
D>’-D-2=0

D-2)D+1)=0
therootsarer; = 2andr, = —1

Yy = ce®* +c,e ™™
Since f(x) = 4x3 then let

yp = Ax> + Bx* + Cx + D.

Vp = 3Ax* +2Bx + C
¥, = 6Ax + 2B
substituting in to differential equation y — y — 2y = 4x3
we get
6Ax + 2B — (3Ax? + 2Bx + C) — 2(Ax3 + Bx? + Cx + D) = 4x3
—2Ax3 — (344 2B)x% + (6A — 2B — 2C)x + (2B — C — 2D) = 4x3
—2A=4=>A=-2

34+2B=0=3(-2)+2B=0=2B=6=B =3
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6A—2B—2C=0=6(-2)—-2(3)—2C=0=C=-9
15
2B—C-2D=0=2(3)—(-9)-2D=0=D=—

So, y, = —2x>+3x*—9x + 7.5
the general solution is

y=ce**+ce*—2x3+3x2—-9x+ 7.5

Application of Differential Equation

Example: For the circuit shown below. Find expression for the current i(t) if
V.(t) = sinwt.

Solution:
_ di
. . di _ di . . .
sinwt = 8i + 0.1E = I + 80i = 10 sinwt (linear 0.D.E.)

P(t) = 80and Q(t) = 10 sinwt
I(t) = efP(t)dt — ef80dt — 80t

now
I1(t).i = fl(t)Q(t)dt +c
e80t | = f e80t 10 sinwtdt + ¢

e80t | = 10f e80t sinwtdt + ¢

8ot
e80t i =10 [m (80sinwt — wcoswt) |+ ¢
; 10 ; ~80t
i = B2+ we (80sinwt — wcoswt) + ce
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1
Ri+ZJidt=VS

pdi 1. _d
dt el dr’s
10di+—1' 2%5 5t
—_ = *k
dt 500" cos

di
— + 200i = cos5t
dt

Using Linear O.D.E = P(t) = 200,Q(t) = cos5t

I(t) = e/ P(dt — ,f200dt _ ,200t
LI(t) = fl(t)Q(t)dt+c

i.e?00t — JBZOOtCOSStdt +c

200t

i.e200t = 2002 1 25 (200cos5t + 5sin5t) + ¢

L= (200)% + 25 (200cos5t + 5sin5t) + ¢ * e =200t

2+ i(0) = 14

1=(200)2_|_25(200>|<1+5>l<0)+c=>»c=1—4.997*10'3

= ¢ = 0.998
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Multiple Integrals

c. Central Ideas:

e Double integral over Rectangular Region

pre test
Q1 Evaluate fol fol(x2 +y?%) dxdy
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Multiple Integrals

Double integral

Let f(x,y) be a continuous function in side and on the boundary R, then

JI, f(x,y)dA is called double integral of a function f(x,y) overR .

To evaluate the double integral:

The double integral of a function f(x,y) over rectangle R where
R={(xy)l a<x<b,c<y<d}
IS

Jlfx,y)dA = | f [ fcd f(x,y) dy] dx i

= [71f) f(x,y) dx] dy r

e R is called the region of integration.
e The expression dA indicates that this is an integral over a two dimensional region

Q) [ I} fGoy)dxdy = [} [ f0o y)dydx

b) [ [P Ok dxdy = [ 0dx [, (y)dy

Example:

Evaluate [[(x+y)dA,over R={(xy)l 1<x<3,-1<y<2}

Solution

[ G+ y)dA= [ [ G+ y)dydx
=[2Gy +2) | 31
=[ [ (2x +2) = (—x +7)]dx
_3x?  3x

—7+7|%=15




=333 = (Z+2y_3+3 ) =18-3=
=B +5x|i=(5+7)-G+5) =18-3=15

2. With x integration first

[fx+y)dA= [, [(x+ y)dxdy
2
= [& +y0) |31 dy
Example:
Evaluate f01 fol(xZ + y?%) dxdy

1. With x integration first

3 o
fol fol(x2 + y2) dxdy = fol (X? + xy? | dy

_ (i) dy = Ly 4 Y| 2yl
_fo (3+y )dy—(3y+ 3)|0 =3T373

2. With y integration first:

Jy Jy % + y?) dydx

1 3711 1 1
=j dxzj <x2+—>dx
0 0 3

x2y+y?

x3 1 1 1 1 2
=G+l =i+i=3
Example:-

Evaluate f13 foz ety dydx
Solution

1. With y integration first:

3 .2 3
f f e*XeYdydx = j [e2XeY|2dx
1 Jo 1

3 3
= j [e?*(e? — 1)]dx = (e? — 1)j e?X dx

0

3
=(e? - 1) [% e?*| =(e? — 1) *%(e6 —e?)
1
2. With x integration first
2 (3 , _ o2y, 1 oo
Jy J; e¥e¥ dxdy = | [ey ~e XL dy

_ r2¢Y

= J; 7[66 _ eZ]dy _ (e6;e2) fOZ oY dy
= (59l = (59) e
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Example:-
Evaluate f; ) 12 6xy2dydx .

Solution

1. With y integration first

4 4
[, T2xy? |3dx = ['[16x — 2x]dx
4
= f 14xdx = [7x% |4 = 112 — 28 = 84
2

With x integration first

jj6xy dxdy = j[BXZy2 |3dy

2 2
= j [48y% — 12y?]dy = j 36 y2dy = [12y3|? =96 — 12 = 84
1 1
Example:-

Evaluate f f dxdy

0 (2x +3y)2

Solution

1. With x integration first

2 1 _y _ (21 1t
J{ J, @x +3y)2dxdy = [; [ (2x + 3y) | dy

B f [2+3y By] y___j [§m_%33y]dy
= —~[In(2 +3y) — In(3y)]? = —<[(In8 — In6) — (In5 — In3)]

1 1
=~z [In8 — In6 — In5 + In3] = —z [In8 — In5 — In2]

2. With y integration first

2
f()l f12(2x + BY)_Zdydx = fol[—§(2x + 3y)—1|1 dx

2 e e = - 9 - S+ 9]

0 [2x+6 2x+3

= —=[(In8 — In5) — (In6 — In3)] = — = [In8 — In5 — In2]
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Example:-

Evaluate fol f_zl xe¥dxdy X Xy
1\1 Xy
Solution —€
“““““ y
With x integration first 0 12 %
y

2
folf_zlxexydxdy f [x xy——exy] dy
-1

_ [(z 2y _LeZy)_ (—_13—3/ _y_lze—y)] dy

y? y
We are not even going to continue here as these are very difficult integrals to do ,
Then complete integration solution with y first .
f f xe® dydx = f_ [eXY 5dx
= [°lex—1]dx = [eX—x]|2

=(?-2)—(e'+1)=¢e?—e1-3
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Multiple Integrals

c. Central ldeas:
Double Integrals for Bounded Non Rectangular Regions
d. Objectives: after the end of courses the student will be able to:

solve Double Integrals for Bounded Non Rectangular Regions

pre test
3 x
Q1 Evaluatef; | yy evdxdy
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b f

a. [[f(xy)dA= [ fg((:)) f(x,y) dydx
d ~f(x)

b. [[fxy)dA= [ [ fxy) dxdy

Example:-

y1 = fx)

V2 = g(x)

x1 = fly)

x; = gl(y)

If the limits of integration are constant, the region is rectangular.
If the limits of integration are not constant, the region is non-rectangular.

Integrate the function f(x,y) = x?y over the region on bounded by

y=x% x=0,x=1y=0
Solution

1. With y integration first

1 x2 1o y? x?
Jy Jo XPydydx = [ XZ[?|0 dx

1_1

1 x6 x7
0 2 141,

2. With x integration first

14

d
5

101 1 x3
fo Jpxtydxdy = [iy[5

3 3

1 3/, 1 5/,
= Iy [%_3’3’3 ]dy:fo [2_3'_ dy =17

yz 2y7/2 *
21 0
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1 2 1

6 21 14
Example:-
2
Evaluate [; [ xcosydydx
Solution

1. With y integration first.
2
fol f(f x cosy dydx =f01x [siny|X dx = folx sin x? dx
1
= [—lcosx2| = —l[cosl —cos0] = L[1 — cos 1]
2 0 2 2
2. With x integration first.

1,1 1 211 1 1
Jo fﬁx cosy dx dy=/, [cosy[%]ﬁdy = [, cosy (5_9 dy

— (' [Leosy—2 — [Esiny -2 (ysi '
—fo [Zcosy 2cosy]dy—[zsmy 2(ysmy+cosy)]0

Zsinl— =sinl—=cos1— (lsin0—1(0+c050))
2 2 2 2 2

=—lcosl+1=1(1—cosl)
2 2 2

Example:-
Evaluate f01 fyl e’ dxdy

Solution

The integration [ e** dx cannot be solving analytically, We reverse the order and
sketch the region.

f01 f;(exzdydx = folexz|zy dx = fol eX'x dx

1 ,1 1 1

el = (el —e%) = (el =1

St |y = (et —e) == ('~ 1)
Example:-

Reverse the order of integration and evaluate the resulting integral

1- f: ijy cosx’dxdy
Solution

0<x<2and 0 <y <x?

f: fj;y cosx°dxdy = foz f(fzycos xSdydx
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21 2 5 X2y — (21ly4 5 4y — 1L
fozy cosx® |¥ dx—fozx cosx® dx = ~ [——]

2- f03 fxgz x3e¥’ dydx
y = x? :>x=\/§
From the figure we get
0<x<,yand0<y<9
3 9 9
Jo S x3eY’ dydx = N foﬁx3ey3dxdy
9 9
1 3 ﬁ 1 3 1 1 3,9
=jzx4ey |0 dy = f_yzey dy:Z*_[ey |0

4 3
0 0

1
= (€729 — %)
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Multiple Integrals

c. Central Ideas:

e Double integral over Rectangular Region

pre test
Q1 Find the area of the (bounded) region between the line y = 2x and the curve

1 2
==-x
Yy =3
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Area Calculated as a Double Integral
Let R be region in the xy — plane , then the area of this region is

Area =A= f}{ dA

81(x)

- b, upper . _ lower
L_/m f functlon) (function)dx

j. y :fa (gz(x) - gl(x)) dx

,f\_; _f J‘gz(x) dy dX

1. If R has the shape

, r A= fhz(x) dx dy

of I h X
2. If R has the shape ) - I‘lgil(t) left
M;.'I £ = bl - -
3 f (functlon (function )

I T =fc (hyx) — hyx)) dy

dy
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Example:-
Use a double integral to find the area of the region R enclosed between the

parabolay = %xz and the line y = 2x

Solution

Example:-
Find the area of the region R bounded by y = x and y = x? in the first quadrant

A= [, dA =f01f;2dydx

1 2 x2 53 1
fo(x_x dx =G —3)| =<
0
}
Example:- Sketch the region bounded by tt d
find it area:
1- y=0,X=0,X+y=a J= arx
Solution
X+y=a>y=a—xX
a ra—Xx
A=f0 fo dy dx
FORTX ; 2|2 32
fy dX:j(a_X) dx = ax— — = 3% — —
0 2], 2
0 0
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n .
2- X =-,y = COSX,Vy = Ssinx
2

Solution
¥
T cosx : = R
— [4
A fO fsinx dy dx
The intersection point will be where
COSX = sinx
y=sinx

The area is then . ,

T |
— rCOSX 5 COSX
= (4 + |2
A fO fsinx dy dx fg fsinx dy dx
T il
A= [#cosx—sinxdx + [7sinx — cosxdx

4
T T

A=(sinx + cosx)|g+(—COS9C— sinx)l%

A=+2-1+2-1=2V2-2=2({2-1) 4
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Multiple Integrals
c. Central Ideas:

Converting Cartesian Integrals to Polar Integrals
d. Objectives: after the end of courses the student will be able to:

pre test
Q1 Evaluate f01 fol(x2 + y?) dxdy
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Converting Cartesian Integrals to Polar Integrals
To convert Cartesian integrals to polar integrals, we make the substitution

X =rcos® andy =rsinB , and replace dy dx with r dr d6 Then we must change the
Cartesian limits to polar limits.

/ / flz,y)dedy = / / [(rcost,rsin@)rdrdd
R G

Example:

Evaluate the double integral by polar coordinate [ [ x? + y* dxdy , where R is
the region in the first quadrant and bounded by x*+y*=1 .

Solution

r.2: X2+y2

r=1=r=1

# [ [x?+y*dxdy = [2 [ r?rdrde
= [2[ 13 drdg

4,1

Example:

Evaluate the double integral by polar coordinate ffex2+y2 dA , where R is the
region in the first quadrant and bounded by x*+y*=1 .
Solution

2 fe dA= [z [ e rdrde

=2, 2re” drde
1 L 1 1 n
=-Jze™| d6 =—fZ(e' —1)d6

2

= ~[(e-1BIZ=Z(e 1)
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Example:

_2
Evaluate the integral using polar coordinate f02 Js V(%2 + y)dxdy
Solution

foz Jy 4—y2(x2 +y?)dxdy =2 foz r?rdr d@

_[2 [2r3 drde=[27] do
0 Jo 0 4l

=[24d0 =46|2 = 21

Example:
Evaluate the double integral by polar coordinate [ [ 3x + 4y* dA  Where

X2+y?= 1, X%+y*=4 ,y>0
Solution
{1< X°+y’< 4}
X2+y2
l1=r=1 R

4=r=2

[ [3x + 4y?= fon flz( 3r cos6 + 4r? sin*6)r dr d6
= fon flz( 3r% cosf + 4r3 sin?0) dr d6
= f:[T3COSQ+ r* sin?0|? do
= f: [8cosO + 16sin?0 — (cosO + sin?6 )] do
= [*[ 7cos6 + 15sin%6 ] d®
0
_ (T 15
= [, [7cos6 + — (1 —cos26)] do

A
=73in9+1—5(9—lsin20| -2q
2 2 0 2
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Multiple Integrals

c. Central Ideas:

Converting Cartesian Integrals to Polar Integrals
d. Objectives: after the end of courses the student will be able to:

pre test
Q1 Evaluate f01 fol(x2 +y?%) dxdy
Surface Area

If f(x,y,2) = cissurface then:

S=surface Area =], %dA
n

Where 7 is the unit normal vector project on the plane
R: is the projected region

Example :-Find the surface area of the upper cut from the sphere x? + y? +
z? = 2 by the cylinder x* + y?> =1

Sol:-
fx,y,2) =x>+y*+2z2 =2
fr=2x,f, =2y,f, =2z
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» Vf = 2xi + 2yj + 2zk

|V_f:| =\/4‘x2+4‘y2+422 =2\/x2+y2 +ZZ =2\/§
Taking n = k is a unit vector normal to the x-y plane
Wﬁ =2Z> |Wﬁ| = |22| = 27z

vf 2+/2 2
s=Jf |_L dA=U2iZ_dA=U\/—Z_dA
B |Vf.n| 0 0

X2 +y?+22=2=22=2-x -y’ =>z2=1/2—x2 -2

[ L= [ =2

Since R is the circle x% + y? =1

2T 1 d d9
5:\/5[ rar
o Jo V2 —1r?

2w 1 1
=2 j j (2 —r?)"2rdr do
0 0

1

2m1 /2. (2 —1r?)"2
- ﬁjo 1/2

1 21
d9=\/§f (1—-+2)de
0 0

21
= (2 — \/E)Zn

:\/i(l_ﬁ)jznde =(2-2)6
0 0

Example :- Find the surface area cut from the plane 2x —y + 3z = 6 by the
cylinder x2 + z% = 4

Sol:-
f(x,y,z) =2x—-y+3z=6
fxzzrfy:_lrfz:3
“Vf=2i—j+3k

Vf|=Va+1+9 =114

Taking nn = jis a unit vector normal to the x-zplane
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Viin=—1=|Vfa|=|-1=1
o [ Ao aa~ ] i
|Vf n| -

Since R is the circle x2 + z% =

m 27 2

s==f f\/_rdrde x/_f =—f r2| do
2 J, 0

2T 2T

=Tf0 4d9=x/§=7f0 do

2T
=2x/ﬁ9l =414 7
0

21'[2

1- z=f(x,y) = thens = [[, 1+ +(f)*+(f,)? dA
2- x = f(y,2z) = thens = [[, J1++(f,)?+(f;)? dA
3-y=f(x,y) =thens = [[, V14 +(£f)2+(f,)? dA

Example :- Find the surface area of the plane z = x? + y? from
z=1toz=14

Sol:-
fx,y) =x*+y°
fx=2x,fy=2y

s:g\/1+(fx)2+(fy)2 dAzy\/1+4x2 + 4xy? dA
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2
do
0

2w 2 217.'1 (1+4T2)3/2
f f\/1+4r2rdrd9zj — %
0 1 0 8 3/2

2T

2T 2T

1
=1 [(1+ 16)3/2 — (5)3/2]d6 = 4.91f d9 = 49160
0 0

0
=491 «2n
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Multiple Integrals
c. Central Ideas:

Converting Cartesian Integrals to Polar Integrals
d. Objectives: after the end of courses the student will be able to:

pre test
Q1 Evaluate f [, (x? +y?) dxdy

Greens theorem

Let C be appositive oriented ,piece wise smooth , simple closed curve and let D
be the region enclosed by the curve .If M and N have continuous first partial
derivatives on D then

ON oM
ngdx+Ndy=ﬂ———dA
C D

dx dy

Example:-
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Use Green's theorem to evaluate §. xydx + x*y>dy where C is the triangle with
vertices (0,0),(1,0),(1,2) with positive orientation

2=

Solution |

2-0

m=—=2
1-0

Y = Yo = m(x —xo)

y = 2x

M = xyand N = x?y3

§. xydx +x2y3dy=[[ (% — —)dA Jf 2xy® = x)dA

1 (2
Jy fox(ny — x)dydx
1 1
jj (2xy® — x)dydx = j(xl—xy>
0 J 2
0

2
j (8x° — 2x?)dx = 3

0
Example:-
Evaluate gﬁc y3dx — x3dy where C is the positively oriented circle

of radius 2 centered at the origin
solution
M =y3and N = —

3€y3dx—x3dy ﬂ(a—N—a—M)dA ﬂ( 3x% — 3y2)dA

:_3ff(x +y)dA=[." [ (r*)drde
2

] ()

0

2x
dx
0

do=-24n

H.W:-

1-Evaluate §. —ydx + x>dy where C are the two circle of radius 2
and radius 1 centered at the origin with positive orientation.
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2-Use Green's theorem to evaluate gﬁc —ydx + xdy where C is the
circumference of circle x? + y2 =1
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Series

c. Central Ideas:

d. Objectives: after the end of courses the student will be able to:

find the nt term of series
e Test convergie the series

pre test
The following infinite series (12 + 4 + g + g F ) e (converges /diverges )
because.......
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Sequences and Series

Sequences of Numbers

A sequence of numbers 1s a function whose domain is the set of positive inte

Example

0, 1. 2. . . . n-1L . . _forasequence whose definingruleis a, =

_ 1 1 1 . :

1, 5 3 for a sequence whose defining rule 1s a, =
: n

The index » is the domain of the sequence. While the numbers in the rang

sequence are called the ferms of the sequence, and the number a, being called

term. or the term with index n .

n+1
Example a, — then the terms are
n
: d d th
1" term 2™ term 3 term n" term
3 1 n+1
a, =2, a, =—, a,=—, . . . a = :
2 3 n

and we use the notation {a”} as the sequence a, .

Example

Find the first five terms of the following:

2n-1 1-(-D)" Lox
(a}{ 4 } ) ()} ORI ‘}

3n+2 n 2n—1)!
Solution
-’.;
@s 2 2 L 2 2. 0. = 0 =
5 8 11 14 17 27 125
_ 3 \‘9 _1;? \9
(c)x, —. —. —, -
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Example
Find the n®-term of the following:

1 2 3 In2 I1n3 1n4 1 2 3

a D, _! _! = D! - - - - _! c D1- _1- _! _!
@ 273 4 ®) 2 3 4 © 4 9 16

P A A
d2 1. —. —. -
@ 3 4§
Solution
@a, =" (b) a,,:H_ © a, =—— (@) a, =—

b H M

Con VEroeNnce a! SEEIH&"H Ces

The fact that {an} converges to L is written as
lima, =L or a, —>L as n—w
n—xm
and we call the limit of the sequence {an}_ If no such limit exists. we say that {aﬂ}

diverges.

From that we can say that

1) lima, =L (Conv.)
2) lma, =w (Div.)
3) llma —1 (Div.)

Also.if A=lma, and B =hmb, both exist and are finite, then
H=sm H—m
i) lim{a, +b }=A4+B

i) lim{ka, } = k4
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i) lim{a, -b }=A4-B

a,

iv) lim
) rr—:-::{b

n

A
}—— provided B # 0 and b, is never 0

Example
Test the convergence of the following:
1 n 2
(@) {;} ®) i+ © '}, @ Wn+1-/n}
3n® —5n 3n’ —4n -3 2’ —4n’
{E){5n2+zn+5}’ {ﬂ{ 2n—1 } {g}{[ﬁn—?J} I:h){3n'7+'ﬂ2 10}’
2" In
6 {—} ﬁ}{ ﬂ”}
an e
Solution
(a) ]im{ l} =0 {Com.)
R—x .n
. . 0 n odd
(b) lim(1+ (—1)")=1+lim(-1)" = { (Div.)
- sz 2 n even
© limln* )= (i)
. N Ju+l+mn) . ( n+l-n ]
d) lim 1- =l 1- A s = lim! ——
{}n_m(xn'rn+ -J'rn) ,,_?;‘[.("'lrn_l- -u"rn)x '_?T+1+\|'I;] i Y mr gy
L }: L =10 {Com.)
o +m

=l
- _x"[r.r+l+u"rn_
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Infinite Series
Infinite series are sequences of a special kind: those in which the n™-term is th
sum of the first # terms of a related sequence.

Example
Suppose that we start with the sequence
1111 1

1
If we denotfe the above sequence as a,. and the resultant sequence of the series as 5,

then
5 =a =1,

1 3
33:a|+a2:1+5=;.,
1 1 7

53=a|+a_,_+a3=l+;+ =—

4 4

as the first three terms of the sequence {Sn }
When the sequence {Sﬂ} 1s formed in this way from a given sequence {a n} by th

rule

"
s,=a,+a,+..+a, =zak
k1

the result is called an Infinire Series.

n
< The number 5, = E a, 1s called the n™ partfial sum of the series.

Eal

4 Instead of {s, |. we usually write > a, orsimply > a, .
el

% The series E a, is said to converge to a number L if and only if
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n
L=lms, =lm>» a,

n—o

n—®

in which case we call L the sum of the series and write

oo
Z a, = L or
n=1

a,+a,+.+a,+..=L

If no such limit exists. the series is said to diverge.

Geomelric Series

A series of the form

a+ar+ar’+ar’ +. ++ar™ + ..

is called a Geometric Series. The ratio of any term to the one before it 1s 7. If ‘?| <1

the geometric series converges to @ /(1—r). If ‘?'

If @ = 0. the series converges to 0.

Example

Geometric series with 4 = 1 and r = %

1 1 1 1[' I 1
—F—+—+ . =l ==+

9 27 81 o1 3 3

: . ) 1
Geometric series with ¢ =4 and 7 = —E.
4—2+1—i+l—___=4(1—i+i—

2 4 .2 4
4 8
1+(1/2) 3
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] /9 1
) 1-(1/3) 6

1 1 ]
—+ —...
8 16 |



1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Series

c. Central ldeas:
Test Convergence of series with Non- negative trems
d. Objectives: after the end of courses the student will be able to:

Test Convergence of series with Non- negative trems

pre test
The infinite series Y.,—4 nTH ......... (converges /diverges ) because.......... [using the n™ —
Term test |

Test Convergence of Series with Non-negative Terms

1) The n"- Term Test

oo
< If ima, =0, orif lima, fails to exist. then Z(f” diverges.

"
H—0 H—¥ n=l

oo
o If Z”n converges. then ¢, — 0.
n=l1

o If Iim a, = 0. then the test fails.
H—D
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From the above. it can not be concluded that if 4, — 0 then Zaﬂ converges.

n=l

[+ =}
The series g may diverge even though a — 0. Thus lim ¢ = 0 is a necessary
n - L - H n

n—ow

@
but not a sufficient condition for the series > a, to converge.

Examples

o

Z (_-1}n+1

n=1

n=l

. 2
diverges because 1~ — @0,

+1
n

—1=0.

diverges because

diverges because lim(—1)"" does not exist.
R—0

|

. : n
diverges because Iim——=—=0,
e 2n+5 2

. 1
can not be tested by the n™ term test for divergence because — — 0.
n

2) The Integral Test

Let the function y = f(x). obtained by introducing the continuous variable X in

place of the discrete variable 7 in the n™-term of the positive series i q - then

n=l
. +w Div.
J f(x)dx = — o0 Div.
! —m < C<AD Conv.
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Example

Test the convergence of

| X 1
(a) 2, —. (b) >

w1 € = n(lnn)’

Solution

(a) J‘e_"_d'x — ¢ = —(e™ - e_l) = 1 (Conv.)
1 ! e
J X = J “xz(fxz _1‘ Z_—l—i- l = 1 (Conv.)
S X 111 x)* 5 (Inx) In x‘ , o In2 In2
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1. Overview

a. Target Population: For students of second stage in college electrical
engineering technical college in middle technical university.

b. Rationale: we will understand Series

c. Central Ideas:
d. Objectives: after the end of courses the student will be able to:

test the convergies of series
[ J

pre test

Q1

Use the integral test to determine the convergence or divergence of the series
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3) The Ratio Test

Let Z a, be a series with positive terms. and suppose that

. a
lim—22 = p

n—%
a,

Then

*
0‘0

The series converges if p <1,

*
0’0

The series diverges if p > 1.

% The series may converge or it may diverge if p =1. (Test fails)

The Ratio Test is often effective when the terms of the series contain factorials of

expressions involving n or expressions raised to a power involving 7.
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Example

Test the following series for convergence or divergence . using the Ratio Test.

> nln! = 4" n'n! = 2"+5 z = n"
(a _ . (b . (¢ . (d >y —. (e —
) ; (2n)! ) = (2n)! . ; 3" ;3" ) =
Solution
17! I !
@Ifa,= T then a,.,= (n+ Di(n +1)! an
(2n)! (2n+2)!
a.,  (m+D@E+DI2n)!  (m+D(n+1)
a, nn'Cn+2)2n+D)(2n)! (2n+2)2n+1)
n+l | _
- <1 (Conv.)
dn+2 4
Al A D (n+1)!
b)Ifa, = ol then a,,, = 21 +2)! and

a,, A n+D(n+1)! y 2m)! _ Am+D(n+1)
a, (2n+2)2n+1)(2n)! 4"a'n! (2n+2)2n+1)

2(n+1) o
= o1 —1 (Test fails)
n
, 2" +5 2™ +5
olfa,= —. then a, , = ) and
n+l = n+l ; n+l
a,, 27 +5)/37 1 27 +5

= = —x
a (2"+5)/3" 3 2"+5

n

1 2+5><2_H1 1 2 2 .
S v i PN Sy | (Conv.)
3 1+5X24_ 3

A
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! +1)!
(Ifa, = ;in then a,., :% and
+1)! 3" n+l
a,ﬂ+l — (” n+1) W = ”— _) a0 :::;:, 1 (D.ﬁ‘.)
a, 3 ! 3
n +1 n+l
(e)If a, :L. then a,, = & and
n! (n+1)!
a,, (n+1)™ y nt  (n+1)"(n+1n!
a, (n+D)! n" (n+Dn'n"
+1)” +1Y' 1Y) |
_ ﬁ) :(” ) :(H—J —e'=27>1  (Dir)
n n n

4) The n™ Root Test

Let Zan be a series with @, = 0 for » > n, and suppose that

a, > p
Then
+* The series converges if p <1.
«+ The series diverges if p > 1.

« The test is not conclusive if p=1.

LExample
Test the convergence of the following series using the n™ Root Test.
2
o l w 2?? oo . 1 n w n " oo 2?? n
@2 —. ®2=5. © Z(l—— @Y =] @2
w1 1 n 71 ] n 11 +1 m\n+1
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Solution

I'1
AT

(b)

(e)

|

n

|
[ [p—

\l ”1 -

(@) TI

nl

i

"(

1
n

2

2

( n T :( n
n+1

|
1

(c) I|I

2
n+1

H
J!J

=——>0<«1

n+1

2 ¥
(%n)

f
Nn

n+lJ :[

—2=>1

n

n+1

—r%:2>1

(s
1+1/n
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|

—=—x<l

e

1
2.

7

(Conv.)

(Div.)

(Test fails)

(Conn.)

(Div.)



