Complex Numbers

A complex number is a number of the form z=x+{y, where x and y
are real numbers and { is imaginary unit({ = v=1) with the property that

{2 = —1. also complex number can be written as the ordered pair (x.)

and plotted as a point in plane called the complex plane.

Im
Ppy) =2=x+1y

4

y=im(z)

x=.

In complex plane: the horizontal x-axis called the real axis (Re) and the
vertical y-axis called the im: &

Remarks:

1- The set all complex number will be denoted by C .
2- Electrical engineers use j instead of i because i reserved for the current.

3-Letz,and z, € C , then z; = z, if Re(z,) = Re(z,) and Im(z,) = Im(z,).

Examplc: _uive the equation 2x2 + 3x +5=10.

_=3FJ(3)2=(4+2+5)
= 2+2

_=3FV9-40

a 4

_-3FY=31  -3Fiy31

- 4 B 4
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The modulus and The conjugate of Complex Numbers
The modulus of complex numberz = x+1{y is | |z] = Jx2 + y2.

The conjugate of complex number is obtained by changing the sign of the

imaginary part. Hence the complex conjugatcof z=x+1y is|Z=x-1}Y.

Properties of Modulus and Conjugate of Complex Numbers:

Let z be a complex number then

D lz] =|-z| = |Z] .

2) |12)? = |2%| = zZ = (Re(2))? + (Im(2))?

3) |lzi] = lzal) = 141 + 420 = 4e10 v 421 torall 2,2, €C.
4) |z,2z,| = |2,||z,| forall z,,2,€C.

5) |ﬂ|='i’-l forall 2,2, ¢C

6) 12,2512 = 12,12 V~,|% = (|z,] |z,])* forall z;,2, € C.
Nz +z,=2;+2, forall z,,z,€C.

8)Z, ;=2 I, forall z,,z, € C.

9) Z=2z

10)z-7 = |z)?
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Operations on Complex Numbers
1) Addition and Subtraction of Complex Numbers

Two complex numbers are added/subtracted by added/subtracted separately

the two real parts and the two imaginary parts.
Ifzy=a+iband z, =c+1{d

Then ll+lz=(a+C)+l(b+d)

z,-2;=(a-c)+i(b-d)

Example:

If zy=2+4+4iand 2, =3~1, find 2z, +2, , zy —zand z; — 2, ?
Sol,

zZ,+2,=(2+3)+i(4-1N=5+13
z21-2,=(2-3)+i(4=-(=1))==1+i5
z,-7,=(3=2)+i(-1=4)=1-i5

2) Multiplication and Division of Complex Numbers
oo =a4 b and 7o =c+id two complex numbers, then:

The muttiplication ot two complex numbers z; and z; is defined by:
2z, =(a+ib)(c+id) =ac+iad+ibc+i®bd

since i? = -1

2123 = (ac - bd) + i(ad + bc)
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The division of two complex numbers z; and z; is defined by:

z,_a+ib
22-C+id
_a+tb‘c—ld_ac-lad-i-lbc-izbd
c+id c—-id c2 4 d2
_ (ac + bd) + i(bc - ad)
B c? 4+ d?
z, _(ac+ bd) ‘(bc—ad)
z, ct+d? c2 + d?
Example;
lle=1-3£,22=-2+5iand Z3=—3—4‘, [ind:
a)z,z, b) :—: C)ff;z; d)zy2; z,
Sol

a) Z1z;=(l=3 <t oy Ztoi+6i+15 =13+11i

b) zy _ (1-30) - (z3+40) _ -3+41490+12 _ 94131

2o (=3=41) (-3+410) 9416 25

£ 23 2_ .3_7.
c) P (H.W) Ans. = i =
d)z, z, z; (HL.W) Ans.5—-1(85
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Complex equations

If two complex numbers are cqual, then their real parts arc equal and their
imaginary parts are equal. Hence if a4+ib=c+id, then a=c and
b=d.

Example: Solve the complex equations:

a)2(x+iy)=6-3i
b1 +2i)(-2-3i)=a+ib

)2-30)=va+ib (ILW) Ans.a = =5,b = —12
dx—i2y)+(y—i3x)=2+3i I Ans. x=-7, y=9
Sol.

a)2(x+iy)=6-31i

2x+12y=6-31
W2Xx=6 = x=3

-3
.‘.2y=—3 = y::T

b)(1+2i)(~2=3i)=a+1b
-2—-3i—4i+6=a+ib
4—-T7i=a+ib

~a=4 , b=-7
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