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Definition of the Limit of a Sequence

Definition of the Limit of a Sequence
Let L be a real number. The limit of a sequence {a, | is L, written as

lim a, = L
n—oo

if for each & > 0, there exists M > 0 such that |a, — L| < & whenever n > M.
If the limit L of a sequence exists, then the sequence converges to L. If the limit
of a sequence does not exist, then the sequence diverges.




Limit of a Sequence

THEOREM 9.1 Limit of a Sequence
Let L be a real number. Let f be a function of a real variable such that

lim f(x) = L.

X—Coo

If {a,} is a sequence such that f(n) = a, for every positive integer n, then

lim a, = L.

n—oco




Properties of Limits of Sequences

THEOREM 9.2 Properties of Limits of Sequences

Let Iim @, = Land lim b, = K.

1. lim (@, £ b)=L+K 2. lim ca, = cL, c is any real number
. .4, L
3. lim (a,b,) = LK 4. lim —=—, b # 0and K # 0
n—oc n—oo bn K




Absolute Value Theorem

THEOREM 9.4 Absolute Value Theorem
For the sequence {a,}, if

lim |a,| =0  then lim a, = 0.

n—0o0 n—oo




Definitions of Convergent and Divergent Series

Definitions of Convergent and Divergent Series

.o
For the infinite series E a,, the nth partial sum is given by

n=1

S =a,+a,+- - -+a

n*

o0
If the sequence of partial sums {S,} converges to S, then the series E a,
n=1
converges. The limit S is called the sum of the series.
S=a1+a2+' - '+an+' o

If {S,} diverges, then the series diverges.




Convergence of a Geometric Series

THEOREM 9.6 Convergence of a Geometric Series

A geometric series with ratio r diverges if [r| = 1. If 0 < [r| < 1, then the
series converges to the sum

< a
Eczr”’: , 0<|rl <1
n=0 L=




Properties of Infinite Series

THEOREM 9.7 Properties of Infinite Series

IfXa,=A,2b, = B, and c is a real number, then the following series
converge to the indicated sums.

1. i ca, = cA

(a, +b)=A+ B

™
MS

=
Il
—

(a ~b)=A-B

M8

=
Il




Limit of /ith Term of a Convergent Series

THEOREM 9.8 Limit of nth Term of a Convergent Series

If ) a, converges, then lim a, = 0.

oo
”=l n—




mh-Term Test for Divergence

THEOREM 9.9 nth-Term Test for Divergence

If lim a, # 0, then ' a, diverges.
n=1

n—0co




The Integral Test

THEOREM 9.10 The Integral Test

If f is positive, continuous, and decreasing for x > 1 and a, = f(n), then

i a, and fm f(x) dx
n=l |

either both converge or both diverge.




Convergence of p-Series

THEOREM 9.11 Convergence of p-Series
The p-series

= 1 1 1 1 1
_I_
n=1
1. convergesif p > 1, and

2. divergesif O < p < 1.




Direct Comparison Test

THEOREM 9.12 Direct Comparison Test

Let0 < a, < b, for all n.

oo o0
1. If ' b, converges, then ) a, converges.
n=1 n=1

2. If ' a, diverges, then ' b, diverges.
n=1 n=1




Limit Comparison Test

THEOREM 9.13 Limit Comparison Test
Suppose thata, > 0, b, > 0, and

. [a
1 ) =1L
e (bn)
where L is finite and positive. Then the two series 2 @ _and 2 b, either both
converge or both diverge.




Alternating Series Test

THEOREM 9.14 Alternating Series Test

Let a, > 0. The alternating series
> (=D"a, and ) (=1)"*'q,
n=1 n=1

converge if the following two conditions are met.

1. Iim a, =0 2. a,,., < a,foralln

n—oco




Definitions of Absolute and Conditional Convergence

Definitions of Absolute and Conditional Convergence

1. 2 a, is absolutely convergent if X |a, | converges.

2. X g, is conditionally convergent if X a, converges but 2 |a, | diverges.




Ratio Test

THEOREM 9.17 Ratio Test

Let 2 a, be a series with nonzero terms.

an+l
d

n

1. 2 a, converges absolutely if lim < 1.

H—00

an+l
a

n

an+l
an

> | or lim

n—co

2. 2 a, diverges if lim

n—o0

= 00,

an+l
a

n

3. The Ratio Test is inconclusive if lim = 1.

n—o0




Root Test

THEOREM 9.18 Root Test
Let 2 a, be a series.

1. X a, converges absolutely if lim {/|q,| < 1.

n—00

2. X a, diverges if lim {/|a,| > 1 or lim ¥/ |a,| = co.
n—o0 n—oco

3. The Root Test is inconclusive if lim ¥/ |a,| = 1.

n—oco




Guidelines for Testing a Series for Convergence or Divergence

Guidelines for Testing a Series for Convergence or Divergence

1. Does the nth term approach 0? If not, the series diverges.

2. Is the series one of the special types—geometric, p-series, telescoping, or
alternating?

3. Can the Integral Test, the Root Test, or the Ratio Test be applied?
4. Can the series be compared favorably to one of the special types?



Summary of Tests for Series

Summary of Tests for Series

Test Series Condition(s) Condition(s) Comment
of Convergence of Divergence
== .
ath-Term E a, lim a # 0 This test cannot be used
F "
n=1 e to show convergence.
Geometric Series E ar” Irl <1 LEER Sum: § = —2
n=10 1 —r
Telescoping Series | > (b, — b, ) lim b, = Sum: S = b, — L
n—1 A—o
p-Series i 1 p > 1 p=1
n=1 H.P
oo 0<a <a Remainder:
. . _1y—1 n+1 n
Alternating Series > (=1 a, and lim a, = 0 Ry < ay.

n—oe




Summary of Tests for Series (cont’d

Summary of Tests for Series

Test Series Condition(s) Condition(s) Comment
of Convergence of Divergence

Integral :

(f if continuous i a - ” . Remainder:

.. - = f £(x) dx converges f(x) dx diverges -
positive, and - f) >0 , I 0<Ry< | flx)dx
decreasing) a, = fln) 2 N

- Test is inconclusive if
R()Gt 2 an ;;]l{g; v ‘anl < 1 "ILHJC v |ﬂ"| > 1 llm n la”J = 1.
n=1 =
. a a Test is inconclusive if
Ratio lim |- < 1 lim [ > . a
"Z] @n n=e | d, n—e | a, lim [ = 1.
=300 a”
_ ) o O<a, =b, 0<b, =a,
Direct Comparison E a
n (== [*.=] .
(a,. b, > 0) n=1 and ) b, converges | and > b, diverges
n=1| n=1
. a . a
o _ o0 lim —*=L>0 lim —*=L>0
Limit Comparison | Y a, n—e b, n— b,
=1 == == .
@, b, > 0) ! and ) b, converges | and ) b, diverges
n=1 n=1




Definitions of mth Taylor Polynomial and mth Maclaurin
Polynomial

Definitions of nth Taylor Polynomial and nth Maclaurin Polynomial

If f has n derivatives at ¢, then the polynomial

TR L TR

P,(x) = flc) + flc)x — ¢) +

is called the nth Taylor polynomial for f atc. If ¢ = 0, then
2, 1 (1)
L0, 10, . (20,

3 n!

P,(x) = f(0) + f(0)x +

is also called the nth Maclaurin polynomial for f.




Taylor's Theorem

THEOREM 9.19 Taylor’s Theorem

If a function f is differentiable through order n + 1 in an interval / containing
¢, then, for each x in 7, there exists z between x and ¢ such that

1) =) + £ = ) + L= o7 -+ L 4 R (0
where
R (o) = f[n+l](z)( _ e




Definition of Power Series

Definition of Power Series

If x is a variable, then an infinite series of the form
[
Y ax"=ay+ax + ax® +axd + -+ axt +
n=1>0
is called a power series. More generally, an infinite series of the form
s
Yoax—cr=a,talx—c) +alx—cP+--+alx—c)+--
n=10

is called a power series centered at ¢, where c is a constant.




Convergence of a Power Series

THEOREM 9.20 Convergence of a Power Series
For a power series centered at ¢, precisely one of the following is true.

1. The series converges only at c.
2. There exists a real number R > 0 such that the series converges absolutely for
|x — ¢| < R, and diverges for |[x — ¢| > R.

3. The series converges absolutely for all x.

The number R is the radius of convergence of the power series. If the series
converges only at ¢, the radius of convergence is R = 0, and if the series
converges for all x, the radius of convergence is R = co. The set of all values of
x for which the power series converges is the interval of convergence of the
power series.




Properties of Functions Defined by Power Series

THEOREM 92.21 Properties of Functions Defined by Power Series

If the function given by

@ =S a(x — o)

n=10
= ay, + a,(x — ¢) + a,(x — ¢)> + ay(x — ) + - - -

has a radius of convergence of R > 0, then, on the interval (¢ — R, ¢ + R), f is
differentiable (and therefore continuous). Moreover, the derivative and anti-
derivative of f are as follows.

1. f(x) = i na,(x — ¢)? !

n=1
= a, + 2a,(x — ¢) + 3as5(x — ¢)*> + - - -
(x — )+t

2. ff’(x)dx=€+ i{)an —

= C + ayx — ¢) + a,

(x — ¢)? x — <)
+ a + - - -
2 = 3
The radius of convergence of the series obtained by differentiating or integrating
a power series is the same as that of the original power series. The interval of
convergence, however, may differ as a result of the behavior at the endpoints.




Operations with Power Series

Operations with Power Series

Let f(x) = 2 a,x"and g(x) = 2 b x".

o0

1. f(kx) = 2 a, k"x"
n=0

2. f(xN) = i a, x"™N
n=0




The Form of a Convergent Power Series

THEOREM 9.22 The Form of a Convergent Power Series

If f is represented by a power series f(x) = 2 a,(x — ¢)" for all x in an open
interval I containing c, then a, = f"(c)/n! and

f(x)zf(t?)+f(r:)(x—c)+fﬁ(c)( -+ -+




Definitions of Taylor and Maclaurin Series

Definitions of Taylor and Maclaurin Series

If a function f has derivatives of all orders at x = ¢, then the series

$ f"c) x A (=) - - -

n!

= SO+ A=+

n=0

is called the Taylor series for f(x) at c. Moreover, if ¢ = 0, then the series is
the Maclaurin series for f.




Convergence of Taylor Series

THEOREM 9.23 Convergence of Taylor Series

If lim R, = O for all x in the interval /, then the Taylor series for f converges

mz_;zuals f(x),
o fln c
flx) = Zﬂ%(x — o).




Guidelines for Finding a Taylor Series

Guidelines for Finding a Taylor Series

1. Differentiate f(x) several times and evaluate each derivative at c.

fle el f e (e P ey
Try to recognize a pattern in these numbers.

2. Use the sequence developed in the first step to form the Taylor coefficients
a, = f"(c)/n!, and determine the interval of convergence for the resulting

power series

(e Az
f(C)+f’(c)(x—c)+f()(x—c)2+- : -+f( ()(x—c)”+---

2! n!

3. Within this interval of convergence, determine whether or not the series
converges to f(x).



Power Series for Elementary Functions

Power Series for Elementary Functions

Interval of
Function Convergence
i=l—(x—1)+(x—1)2—(x—l)3+(x—1)4—---+(—l}“(x—l}”+--- 0<x<?2 o
1 -— _ 2 _ 4 . e . — 1 —_
1+I_1 XXt =t = + (=172 + l<x<1
e =0 e=0F (m= (=0 = 07
Inx = (x — 1) > + 3 2 + + " - 0<x<2
s aE ke X"
€I=I+X+E+E+E+§+"'+E+"' —CD < X < 00
. LS S L o (=L
sinx = x 3!+5! 7!+9! =+ (2n+1]! + oo < X < 00
o xz x4 xﬁ xs (._ l}n_xZn
cosx =1 o ar 2 6l AF Q1 aF 2n)! O < X < 00
YO8 (— 1) x2n+1
e S e e R —1<x<1
B T T TR n + 1 8
. x* 1+ 3x° 1-3+5x (2n)1x2n+1
= —1 <
acsnx =X+ 3t 45 2:4:6-7 " @n2n + 1) tsxsl
— 2 _ — 3 — — _ 4
(1+x]"=1+Iuc+"'<(’fc z!l)x s ”:f':c dhe e = 4‘2)& L —l<x< 1%

*The convergence at x = %1 depends on the value of k.



