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THEOREM 7—Substitution in Definite Integrals If g'is continuous on the
interval [a, b] and f is continuous on the range of g(x) = u, then

b gl
f flg(x) - g'(x) dx = f flu) du.
a g

(a)

Proof Let F denote any antiderivative of f. Then,

b r=h % Figix))
f flg(x)) - g'(x) dx = F(g(-r))] = F'(g(x))g'(x)
a x=a = flp(x))eg'(x)
= F(g(b)) — F(g(a))
a=g(b)
= Flu)
u=gia)
g(b)
_ Fundamental
- 2@ f(u) du. Theorem, Part 2 0

To use the formula, make the same u-substitution u = g(x) and du = g'(x) dx you
would use to evaluate the corresponding indefinite integral. Then integrate the transformed
integral with respect to # from the value g(a) (the value of u at x = a) to the value g(b)
(the value of u at x = b).
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EXAMPLE 1 Evﬂluatf:/ Ixivxd + 1 dx
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Solution We have two choices.

Method 1: Transform the integral and evaluate the transformed integral with the trans-
formed limits given in Theorem 7.

Letu = x* + 1. du = 3x% dx.

1
/ IV + 1 dx Whenx=—-1l.u=(-1P+1=0.
—1

Whenx = lLu=(1P+1=2,
2
=f \Vu du
0
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2 ) | o
= §u3ﬂ Evaluate the new definite integral.
0

~3[22 - 0n) =3[2v3] - 452



Method 2: Transform the integral as an indefinite integral, integrate, change back to x,
and use the original x-limits.

/3}:2"'&,1:3 + 1 dx =/‘ﬁdu Letu = x3 + 1,du = 3xdx.
= %uﬂ P+ C Integrate with respect to u.

- %(ﬁ + 1)+ C Replace u by x* + 1.

| 1 . . . .
_ 2 3/2 Use the integral just found, with
/:Isz"a.fﬂ+ lde =367 + 1) l

| limits of integration for x.

LIl 1

(@) + D2 = (17 + D¥?]
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(2 - o] = 2[2v3] = Y2 -



EXAMPLE 2 We use the method of transforming the limits of integration.

] Let u = cot®, du = —csc? 8 df,
f u .{_ﬂrﬂ} —du = csc? 8 db.
1

When 8 = w /4, u = cot(w /4) = 1.
0
= —f u du
|

w2
(a) f cot 8 csc? @ do
w/4

When # = w /2, u = cot(w /2) = 0.

_HZT
R 2 1
_ @ )y _1
2 2] 2
/4 /e sin x
(b) f tan x dx = f Cos x dx
— /4 —m/4
V22 Let w = cos x, du = —sin x dx.

When x = —ar/d, u = V2/2

When x = a/4, u = V2/2.
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