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o f(x)-g(X)]=&[f(X)]Q(X)+&[9(X)]f(X)

f fx)g'(x)dx = flx)glx) — f f(x)e(x) dx

f“hﬂ dv = uv — /w du.

To use this technique we need to identify likely candidates for u = f(x) and dv = ¢'(x) dx.



EXAMPLE

1 Find

fxcnsxdx.

Solution We use the formula fu dv = uv — fu du with

Then

U= x, dv = cos x dx,

du = dx, v = Ssin X.

Simplest antiderivative of cos x

/xcnsx:ix = XSInX — /sinx:ix = xsinx + cosx + C.

There are four apparent choices available for u and dv in Example 1:

1. Letu =
3. Letu =

| and dv = xcos x dx.

xcos x and dv = dx.

2. Let u
4. Let u

x and dv = cos x dx.

cos x and dv = x dx.



EXAMPLE 2  Find

f]nxdx.

Solution Since flnx.:ir can be written as flnx-l.fix, we use the formula

fuduzuu— fuduwith

u=Inx Simplifies when differentiated dv = dx Easy to integrate
1 - L
du = + dx, v = X. Simplest antiderivative
Then from Equation (2),

f]nxdx=Ilnx—/x'%dx=x]nx—fzix=xlnx—x+C. [ ]

Sometimes we have to use integration by parts more than once.



EXAMPLE 3 Evaluate

f x2e* dx.

Solution With u = x%, dv = e*dx, du = 2x dx, and v = ¢*, we have

fxzexd.r=xze‘—2fxexdx.

The new integral is less complicated than the original because the exponent on x is reduced
by one. To evaluate the integral on the right, we integrate by parts again with
U =x,dv =¢edx. Thendu = dx, v = ¢, and

fxﬁdx=x€—fe‘dx=x€—ﬁ—£‘.
Using this last evaluation, we then obtain

fxzfx"ix = x’e* — Efxﬁxiix Use this technique for :

f x"e' dx

= xZe* — 2xe* + 25 + C,



EXAMPLE 7  Evaluate

/ x2e* dx.

Solution With f(x) = x* and g(x) = &, we list:

flx) and its derivatives gix) and its integrals
x? "--.._.____________._-_ (+) et
_ -
2x — (—) e
—
2 —_ (+) e
0 s

We combine the products of the functions connected by the arrows according to the opera-
tion signs above the arrows to obtain

/Ize‘ir=x1£1—1xe‘+2e1+ﬂ.



EXAMPLE 4 Evaluate

fEICDS_IdI.

Solution Letu = ¢* and dv = cos x dx. Then du = ¢ dx, v = s1n x, and

fﬁcusxi‘r = ' sIin x — fﬂrsinx:ir.

The second integral is like the first except that it has sin x in place of cos x. To evaluate it,
we use integration by parts with

u = e, dv = sin x dx, v = —COS X, du = e* dx.

Then

f-r?x cosxdy = e sinx — (—E’I COS X — f(—cns xie® -i:-:})

= ¢'sinx + e*cosx — /e‘cﬂsx:ix.

The unknown integral now appears on both sides of the equation. Adding the integral to
both sides and adding the constant of integration give

Efﬁcnsxir = e'sinx + e*cosx + C.

Dividing by 2 and renaming the constant of integration give

fEICﬂSIdr=EISi“I+EICD5I+C. =

2



EXAMPLE 5  Obtain a formula that expresses the integral

/ms"nix

in terms of an integral of a lower power of cos x.

'x « cos x. Then we let

dv = cos x dx,

Solution  We may think of cos" x as cos"™
u=cos" 'x and

s0 that
du = (n — 1) cos" 2 x (—sin x dx) and U = sin X.

Integration by parts then gives

[cns"x:it =cos" 'xsinx + (n — l]fsinzxcﬂs"'lxdx

=cos" 'xsinx + (n — 1}/{] — cos? x) cos" 2 x dx

=cos" xsinx + (n — l]fcns“‘?x:ix —(n— l}fcus”xdx.

If we add

(n — ]]/ms";dx

to both sides of this equation, we obtain
n/cns”xdr = o™ rsinx + (n - IJ/L‘us“'ZIdI.
We then divide through by n, and the final result s

=1
o xsmx o on-1( .
/cus“xdr: — 1t H/cus“xdx. ]

The formula found in Example 3 15 called a reduction formula because it replaces an inte-
aral contamning some power of a function with an mtegral of the same form having the
power reduced, When n1s a positive mteger, we may apply the formula repeatedly until the

remaining mtegral is easy to evaluate, For example, the result in Example 3 tells us that

-
/EDE3IdI= = ;E]M - %/r:nsxdx

= lr:::rs?,l:s.inlr 4 gs.in,\:Jr C

3 j



EXAMPLE 8.4.1 Evaluate f crnede. Let u=1Inz so du = 1/zdz. Then we must

let dv = xdx 50 v = 2*/2 and

2 l2 .2 L 1 -2 '2
Inr e “Inz I “Inr r

rincdr = - | —=dr = — | =dr = - — 4,
_/J o 2 21:“1 2 /2 ! 2 4

EXAMPLE 8.4.2 FEvaluate / esinxdr. Let u = 2 so du = dx. Then we must let

dv = sinx dr so v = —cosx and

/::: sinxcdr = —xecosr — / —cosxcdr = —rcosrc + f::-nh.rri; — —xcosx +sinzx + C.

C



EXAMPLE 8.4.3 Evaluate / sec® 1 dz. Of course we already know the answer to this,

but we needed to be clever to discover it. Here we’ll use the new technique to discover the
antiderivative. Let u = secz and dv = sec® z:dz. Then du = secztanz dr and v = tanz
and

/EE{‘EH rdr =secrtans — /tﬂllEIEE{EId&:

= secxtanx — [ (sec® z — 1) secx dx

sec rtans — [ sec’ rdr + / see dr.



At first this looks useless—we’re right back to / sec” x dx. But looking more closely:

/sec"u:dw=seca:tan;1:—/sec3;nd;z:+/sec;z:da:
/ sec® o dr + / sec® rdr = secxrtan . + / sec x dr
2/sec"u:dw:sec;z:tanu;+/sec;cdu:

7 sec rtanx 1
‘/-Sec‘sazdw = 4 — /Sec;l:d;c

2 2

secrtanxz In|secx + tanx
= + | |+C.

2 2




EXAMPLE 8.4.4 Evaluate /3:2 sinzde. Let u = 22, dv = sinz dr; then du = 2z dx

and v = —cosx. Now [ r2ginrdr = —r2cosT + f 21 cosx dr. This is better than the

original integral, but we need to do integration by parts again. Let u = 2z, dv = cos x du;
then du = 2 and v = sinx, and

/:r:"] sinrdr = —12 cost + / 2rcosrdr

— —x?cosx 4+ 2rsine — f25i111:d:::

— —x%cosx + 2xsinz + 2cosx + C.



Exercises

Find the antiderivatives.

1. /Icnsmd:r = 2. f:r:z cosrdr =
x ﬁ'z
3. f;t:e: dr = 4. /IE dr =
5. fﬂiﬂEIdI = 6. [lnﬂtdﬂ: =
7. [marctanmdx — 8. /I3 sinx dr =
9. fﬂfﬂ cosrdr = 10. /Iﬂinzﬂ?dﬂ.‘ =
11. f:ttsin:t:cues:t:dz = 12. farr_:tan(ﬁ)dz =

13. fﬂin{ﬂ) dr = 14. /SECE.TESE?IdET =



