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1. Integration as differentiation in reverse
d

Suppose we differentiate the function y = 2. We obtain d—u = 2x. Integration reverses this process
la

and we say that the integral of 2z is #*. Pictorially we can regard this as shown in Figure 1:

/ differentiate \

a? 2x
\ integrate ‘/

Figure 1



The symbol for integration, ] is known as an integral sign. To integrate 2x we write

2 do = 22 + ¢
integraV o
sign /
this term is constant of integration
called the
integrand there must always be a

term of the form dx



Exercises
1. (a) Write down the derivatives of each of: z°, z° + 17, 3 — 21

(b) Deduce that f 3r°dr = 1° +c.

2. Explain why, when finding an indefinite integral, a constant of integration is always needed.

Answers

1. (a) 322, 3z% 3z*>  (b) Whatever the constant, it is zero when differentiated.

2. Any constant will disappear (i.e. become zero) when differentiated so one must be reintroduced

to reverse the
process.




Table 1: Integrals of Common Functions

function indefinite integral
/() f f(z) da
constant, £ | kxr + ¢
T %:52 +c
x> %Td +c
a.:ﬂ—l—l
" +c, n#F-—1
1 n—+1
' (or =) |Injz|+¢c
T
COS T sinz + ¢
sin —COST + ¢
cos kx = sinkx + ¢
) 1
sin kx ——coskr +c¢
tan kz v In | sec kz|+c
e’ e’ + ¢
c " —e T +¢
, 1
ehe —ekr 4 ¢

k




Example 1
Use Table 1 to find the indefinite integral of z": that is, find /:r:? dx

Solution
:E'n,—i—l

n+1
of x, increase the power by 1, and then divide the result by the new power. With n = 7 we find

1
7 8
' dr=—-x"+r¢
/ 8

From Table 1 note that " dr =

+ c.  In words, this states that to integrate a power




Example 2
Find the indefinite integral of cos 5x: that is, find /EDE ha dx

Solution
sin ki

o ©

From Table 1 note that /{’:{):‘i kxdr =

1
With &k = 5 we find /ms hrdr = 5 SN Ox + ¢

k4




Example 3
Find /cnafjtﬂft

Solution

We integrated cos 5z in the previous example. Now the independent variable is ¢, so simply use
Table 1 and replace every = with a £. With £ = 5 we find

1
/cus!itdt = —sindt +c
5
It follows immediately that, for example,

1 . |
/msﬁwdw=551n5w+c, casﬁudu=551n5u+c and so on.




Example 4 |
Find the indefinite integral of —: that is, find /

i

1
T

dx

Solution

This integral deserves special mention. You may be tempted to try to write the integrand as z !

mn{—l
+ ¢ is not valid when

and use the fourth row of Table 1. However, the formula [ 2" dx = 1
n

n = —1 as Table 1 makes clear. This is because we can never divide by zero. Look to the fifth

entry of Table 1 and you will see /m_l dr = In|z| + c.




Example 5

Find /12(:{:1: and ledt

Solution

In this Example we are integrating a constant, 12. Using Table 1 we find

/ 12dxr =12z + ¢ Similarly /12 dt = 12t 4 c.




Exercises

1. Integrate each of the following functions with respect to x:

(a) =7, (b) z'/2, (c) =77, (d) 1/2%, (e)

L Ve ()e*
2. Find (a) [tﬂ dt, (b) /Gdt, (c) [sinBtdt, (d) /e?tdt.



